
FE.1   Engineering  Simulation

Physical Laboratory:
• model the geometry

similitude
cost

• measure the data
interpolation (errors)
interpretation

Computational (CFD) Laboratory:
• model the mathematics

conservation, BCs

• model the physics
complexity, cost

• compute the data
approximation error
physics model error
interpretation



FE.2  A Problem Solving Environment

knowledge  (??!!)

Engineer
specified problem

knowledge knowledge (?)(?)

Mathematics / Physics
conservation principles
physics closure models
PDEs + BCs + IC, discrete methods 

knowledgeknowledge (??)

Computer Science
computer platforms
data management
linear algebra
graphics

Internet



FE.3  Finite Element Computational Science
  

 
 CFD Lab Problem Solving Environments: 

Matlab,  FEMLAB,  aPSE,  PICMSS

FE weak statement:

 Collaboration:  

engineer ing,    mathemat ics ,    computer  sc ience  

six basic objects to “program”
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FE.4  Problem Statements in Engineering

Unknown (state variable)  q(x)  satisfies a PDE  
  
 

 
                 
 
 
Connection to specifics involves BCs    
 
 
     
Non-linearity, geometry preclude analytical solution   
 
  
  

(q) = 0,  on  ∂Ω ⊂ ℜn-1

L (q) = 0,  on  Ω ⊂ ℜn

Ω

∂Ω

L (q)

(q)

+ physics  c losure  models

x
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e.g.,     mass, momentum, energy principles

hence, seek an approximation



FE.5  WS Approximate Solution Process
 

 
Exact and approximate solutions differ by error 
 

 
 

Computational theory must constrain  the error! 
  
 e legant ly  accomplished via  a  “weak s ta tement”  
 
 
  
 
Assuming  integrals can be completed, for Qα  ⇒  {Q} 
 

 

 

 enforce  BCs,  solve  for  remaining unknowns in  {Q} 
 

q (x )  =  q N (x )  +  e N (x )

WS ⇒  [  Mat r ix  ]{Q}  =  {b}

  q

eN

qN
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FE.6  Decisions on Forming WS 
 

 

Integrals forming WS require decisions on    
   

          Φ (x ) ,Ψ (x )       Example                WS Label 
 
 g lobal   s ine ,  cosine       analyt ical  
   Chebyshev polynomials     spectra l  method 
 
 g lobal- local  Chebyshev by blocks     pseudo-spectra l  
 
 local   Lagrange polynomials     FE,  FV,  FD 
 
Global functions  –  geometr ic  l imita t ions ,     
 
  
 
 

                                                                  
 

 

Φ(x) and Ψ(x)  

Ω

∂Ω

Ωh

Ωe

       non- l inear  inf lexibi l i ty  

Local polynomial functions
employs  domain + boundary discret izat ion

ee
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FE.7  Discrete Approximate Solution 
 

 

Solution performance costs accrue to “meshing” Ωh  
 symbolical ly   

 
 WS h  matr ix  not  d iagonal   

       ⇒ l inear  a lgebra   

 spectra l  resolut ion compromised  

 

 

 
 
  
  2Δx  informat ion is  not  resolved  

   ⇒  Ω h  requirements!   

qN ≡ qh = ∪e qe (x)
            ⇒ {Q} 

x

x

Ωhq q 

⇒ {Q} 



FE.8  Discrete Approximate Methods 
 
 

Finite  elements  employ trial  space  basis   

 

Historical  discrete  methods  predate  FE 
 WS   provides   generalization 

 
 

qh = ∪e qe (x),   and   qe (x) ≡ {Nk (η)}T {Q}e 

Name  Trial ,Ψ (x)  Test ,Φ (x)  

Galerkin   (FE)  {N}  {N}  

col locat ion  Lagrange polynomial  Kronecker  δ  

f in i te   d i f ference (FD)    not  def ined  not  def ined  

f in i te   volume (FV)  not  def ined  uni ty  

leas t   squares    {N}  L ({N})  

boundary e lement(BEM)  Lagrange polynomial   Green 's  funct ion  



FE.9  Optimal Weak Statement

qN

Nq

 
 
     
Many choices exist  for implementing  WS  
 

  
   

 

 
Engineer's choice is  eN  minimum!   
                                                            
          mathemat ic ians  can prove that  

•   the  discrete  approximat ion error  is  minimized    
   when the  tes t  and tr ial  space basis  funct ions     
   are  ident ical .  
 

The FE implementation is the Galerkin  WSh 
 
  •                   e r ror  i s  orthogonal  to  t r ia l  space basis  se t  

   
  ⇒ optimal ! 

eN

GWS
WS

q

Ψα(x)

GWS h  

•   does  an opt imal  se lect ion for  
   Ψ α (x )  and Φ α (x )  discret ized tr ial
   and tes t  space basis  se ts  exis t?  



FE.10  Summary, FE Weak Statement
 
 

 
 
 
 

  
 
    
  
   
   

approximat ion:  

discret izat ion:  Ω ⇒ Ωh = ∪e Ωe 

qN ≡ q h = ∪e {N}T {Q}e

error  extremizat ion:  

l inear  a lgebra:  {Q} = [ Matrix ]-1{b}

error  quant izat ion:  

For arbitrary geometries and non-linearity

problem sta tement :  L (q) = 0   on   Ω ⊂ ℜn   +   BCs 
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Ωh refinements


