
HC.1 FE Weak Statement Algorithm Steps
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The (heat conduction) problem statement 
 
 L (T) = 0 on Ω  + BCs 
 
Approximate solution, with associated error 
 
                
 
 
 
   
Minimize the error via Galerkin weak statement 
 
                                                       (TN) d 
 
Implement GWSN via FE discrete approximation 
 
 
 TN ≡ Th(x)  ⇒   ∪ eTe(x), GWSN  ⇒   GWSh 
Solve matrix statement 
 
 GWSh ⇒  [Matrix]{Q} = {b} , hence evaluate error eh(x) 
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HC.2 An Example, Heat Conduction in a Slab

 

A n a l y t i c a l  s o l u t i o n
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HC.3 Approximation, Constraint on Error
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The error in T
N

 is e
N

,  recall  
 

                  T ( x ) = T N ( x ) + e N ( x )  
 
 

No knowledge of eN  exists, however L(TN) = -L(eN)  
 

 

 

The error measure L(T N) constrained via 
 

 
  

 for any function Φβ(x)   

Any  approximation 
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HC.4 Galerkin Weak Statement, Minimum Error 
 
 
 
The optimal test function is the trial function   
 
 
 
This produces the Galerkin  weak statement   
 

 

Integrating by parts, substituting TN(x) and BC fn yields   
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for 1 ≤ β ≤ N, and heat flux BC is directly embedded 

 

Φβ  (x) ≡  Ψβ (x) 
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HC.5 Trial Functions, Interpolation
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To complete the integrals in the GWSN   

 Lagrange piecewise interpolation provides insight 
f(x) 

0 X1 X2 X3 X4 L x

TN(x)

T(x)

Interpolation error can be adjusted by adding knots “ ο ”

⇒   nodes  of  the FE discret iza t ion of  Ω  ⇒  Ω h  = ∪ eΩ e  

⇒   must   specify  the  t r ial   space Ψα(x) ,  1  ≤  α  ≤  N  



HC.6 Discrete Approximation, Finite Element Basis
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HC.7 Finite Element Matrix Library
 

 

 

 

 
 
                                                                                                      

 
 
 
The integral of matrix products on Ωe  is 
 
 
 

 

For the constant source term 
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Boundary conditions require no integration 

GWSN first term derivatives, subscripts ⇒ matrices
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HC.8 Finite Element Data Evaluations
 

 

T h e  F E  d i s c r e t e  i m p l e m e n t a t i o n  p r o c e s s  y i e l d s   
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HC.9 FE Weak Statement Assembly over Ωh

 
 
 
   

 
 

 

[Matrix]  and {b} involve a row summation process 

  
         assembly is universally valid for 1-D, 2-D and 3-D problems (!) 
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HC.10 Matrix Statement Solution, BCs
 

 
 

Assembling GWSh  over M  = 2 FE domains Ωe yields  
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Substitute BC Q3 = Tb, move unknown flux F3 to left  
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As QM equations are decoupled from F3, Cramer's rule
 

  
⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

++

++
=

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

+

⎟
⎠
⎞

⎜
⎝
⎛ +

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

⎭
⎬
⎫

⎩
⎨
⎧

−

b
n

b
n

b

n

T
k
Lf

k
sL

T
k

Lf
k

sL

T
k

sL

fsL
k

L

Q
Q

28
3

2

4

42
21

11
2
1

2

2

2

1

 

 then solve for F3 = sL + fn 
 



HC.11 Solution Accuracy, Error Distribution

GWSh FE solution DOF {Q} agrees with  analytical   solution

• this   problem   statement   is   very   elementary

• concept of piecewise-continuous   FE   basis  {N}  verified

Th is  still  only  an  approximation!
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• Taylor series error estimate:  
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HC.12 Boundary Heat Flux Computation 
 

 
 

B o u n d a r y  h e a t  f l u x  c o m p u t e d  v i a   
 
 d i f f e r e n t i a t i n g   T h ( x )  a t  x =  L  
 
 G W S h  m a t r i x  s o l u t i o n  f o r  F 3  
 
 

D i f f e r e n t i a t i n g  T h  a t  x  =  L  y i e l d s  

 
   
 
 

 

S o l v i n g  f o r  F 3  f r o m  G W S h  m a t r i x  s t a t e m e n t   
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