
IM.1 Introductory Material, PDE + BCs + IC
 

  
 

 L aplac ian  dom inates  eng ineer ing  PD E  descr ip t ions  
 
   d u e  t o  " p h y s i c s  m o d e l”  o f  c o n t in u u m  m e c h a n ic s  
 
   y i e l d s  E B V  p r o b l e m  s t a t e m e n t s ,  h e n c e  B C s ,  I C  
 
 E xa m p le :  u n s tea d y  h ea t  co n d u ct io n  w ith  so u rce   

 
    
 
          steady, 1D form (ODE)  
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IM.2 Steady 1-D Conduction, Solutions  
 
 

 Constant  source ,  integrate  ODE twice  

   

 T L 

x 
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x L x R 

   

 

        
 

        ( ) baxCxxT ++= 2

2
1

constants of integration are a and b 
          determine via BCs 

 
 Polynomial  ser ies  source,  integrate  direct ly  

 T ( x ) = 1
( i +1)( i +2)

Ci x i + 2∑
i

+  ax +  b  

    
  

 Fourier series source, use     system 
   trial space:  
 

   substitute into ODE  

T ( x ) ≡ A m sin∑
m

m πx
l  + a x  + b

⇒  m ,  n , A m , Cn + BCs a,b
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IM.3 Unsteady 1-D Conduction Solution 
 
 

 Conclusion :   1 -D  l in ea r  la p la c ia n  O D E  i s  e a sy  to  so lv e  

 Greater  than 1-D em ploys  separat ion  of  var iables  
   f in d  t r ia l  sp a ce  
   d e te rm in e  ex p an s io n  co e f f i c ien t s  u s in g  B C s  an d  IC  

 Unsteady 1-D heat  conduct ion,  s  =  0  
     
    

   BCs:  
   IC:   

 Tria l  space  form  via  separat ion of  var iables  (SOV) 
T ( x , t ) = Ψ α( x ,  t ) Q α ≡  F ( x ) G( t )∑

α
 

   PDE becomes:  1
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d G
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IM.4 Unsteady 1-D Conduction Solution

 

 

 
 

 
           

 
 

 

 
 

 Separation of variables :       
 
   funct ional  independence  requires  the  constant  β2 
 
 ODEs now have source term functional dependence!  
 
   ODE(x):  
 
    
   ODE(t):  
 
 Must choose sign for β2 to  maintain solution boundedness  
 
   so lu t ions:   
      

     
G( t ) = C exp -κβ2t  

PDE  ⇒  2 ODEs 

d 2 F 

d x 2
 +  β 2 F  = 0 

dG
d t

 = ±β2 κG

F( x ) = A sin βx +  B cos βx



IM.5 Separation of Variables, BCs

 

 
 

 Combining F  and G  produces trial space members  
 

Ψα(x , t )Qα = A α sin βx  + Bα cos βx exp - κβ2t  
 
 Contains 3 arbitrary coefficients :       
 
   BCs:  
 
    
   non- t r iv ial  solut ion:    
 

   
 

 Switching index label,  solution trial space  member is
 

 
Ψ n x ,  t  =  sin n π x 

l  
exp  - κ β n 

2 t  

  
 

A α, Bα and β2

A α sin 0 + Bα cos 0 = 0

A α sin βl + Bα cos βl = 0

Bα = 0 and  β ⇒ βn = n π / l  ,        n = 0, 1, 2, …



IM.6 Separation of Variables, GWS 
 
 

 

 
 

 T r i a l  s p a c e  b a s i s  o b t a i n e d  v i a  S O V  p r o c e s s  
 
   s e r i e s  s o l u t i o n  m u s t  s a t i s f y  I C ,  h e n c e  a t  t  =  0  

 
 

   o n e  e q u a t i o n  f o r  i n f i n i t e  n u m b e r  o f  u n k n o w n s  Q n  
 
 M a t r i x  s o l u t i o n  v i a  o p t i m a l  G a l e r k i n  w e a k  s t a t e m e n t
 

 
 
 

      
 
 S i n c e  sin(n , m ) a r e  o r t h o g o n a l ,  m a t r i x  i s  d i a g o n a l  

  
⇒ Q n ≡ 2

l
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IM.7 Theoretical Foundations, GWS
 

 

 

 
 

 Analytical SOV solution examples, ODEs, PDEs  
 
   
 
 
 
     
 Resolution, truncate series for an approximation  

T  ( x , t ) ≅ T N x , t ≡ Qn sin n πx
l

exp - κβn
2 t∑

n

N
 

   s in  (n )  belongs to  a  complete  se t  
    se lect  N  for  ver if iable  accuracy  

  
     

    asymptot ic  e r ror  es t imate  
    mesh ref inement  ⇔  N  increasing 

• identify the trial space for the approximation,  
• form the expansion on Qα,  
• determine optimal coefficients by evaluating the GWS 
• however, SOV infinite series PDE solution intractable ! 

Analagously, GWSh discrete implementation via FE on Ωh



IM.8 Steady 3-D Conduction SOV Solution

∂Ω

 
 

S te a d y  c o n d u c t io n  o n  3 -D  c u b e  d o m a in  
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T r ia l  sp a c e  d e te r m in a t io n  
 fo r m  f o r  S O V :   
  
 h o m o g e n e o u s  B C s :   

G W S  o n  c o e f f i c i e n t  m a tc h in g  f  ⇒  d ia g o n a l  m a tr ix  
   
  
  
 approximation:   

Ψ n,m x ≡ sin n πx
a sin m πy

b sinh πβn,m z

T N x ≡ Ψ n ,m x Q n ,m∑
n ,m

N=M

T (x, y, z) = X(x) Y(y) Z(z)

Q n ,m ≡ 4
ab 0

a
f ( x ,y )0

b
sin n πx

a sin m πy
b

d x d y

  
b

Ω



IM.9 Summary, Analytical PDE Methods
 

 
 
   

 
 
 

R es tr ic t io n s  fo r  an a ly t ic  S O V  “ to  w o rk ”  
 
  P D E  l i n e a r  
  B C s  s e p a r a b l e  o n  ∂ Ω  
  q u a s i - l i n e a r  d a t a  
 
A ttr ib u te  a s s im i la t io n s  w ith  w ea k  s ta te m e n t   
 
  s o l u t i o n  t r i a l  s p a c e  
  o r t h o g o n a l i t y  
  c o m p le t e n e s s  
  p r e d i c t a b l e  a c c u r a c y  e n h a n c e m e n t  
 
F in i te  e lem en t  im p lem en ta t io n  o f  G W S  h a n d les  
  P D E  n o n - l i n e a r  s y s t e m s  
  B C s  o n  a r b i t r a r y  ∂ Ω  
  a r b i t r a r y  d a t a ,  f i r s t  d e r iv a t i v e s   



IM.10 Legacy FD Connections To WS

Ω

 
 
 

Finite difference methodology 
  Taylor  ser ies  for  PDE operators  
  essent ia l ly  a  1-D process  

Example problem: 
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IM.11 FD Order-Of-Accuracy Control

 
B a c k w a r d s  T S  y i e l d s  O ( Δ x ,  Δ y )  c o n s t r u c t i o n s  

 
 
 
 
 

S u b t r a c t i n g  T S s ⇒ O ( Δ x 2 , Δ y 2 )  “ m o l e c u l e s ”  
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IM.12 FD Stencils, Laplacian
 
 

F D  o p e r a to r s  w r i t t e n  a s  s t e n c i l s    

∂φ

∂x
i ,j

  = 1
2 h

-1 0 1  + O ( h 2 ) ,
∂φ

∂y
i,j

  = 1
2 k

  1
0
-1

 + O ( k 2 )  

 u s i n g  h ,  k ,  t o  r e p l a c e  Δ x ,  Δ y  

V ia  s a m e  p r o c e s s e s  2 n d  d e r iv a t iv e  F D  s te n c i l s  

∂2 φ

∂x 2
i ,j

  = 1
h 2

1 -2 1  + O ( h 2 ) ,
∂2 φ

∂y 2
i,j

  = 1
k 2

1
-2

1
 + O ( k 2 )  

H e n c e ,  2 -D  la p la c ia n  F D  s t e n c i l  (“ s y m b o l” )  fo r  h  =  k  

∇  2  

i ,j

 =  1 

h 2
 1 

1 

- 4
1 

 1  +  O  ( h 2 )  

 3 - D  l a p l a c i a n  F D  s y m b o l  i s  t h e  o b v i o u s  e x t e n s i o n  
 



IM.13 FD Symbol  ⇔ GWS Matrix Statement
 
 
 

FD symbol for laplacian PDE on uniform mesh 
 

∇ 
2 φ  +  s  

FD 

 ⇒  1 

h 2
 1 

1 

- 4
1 

 1 
 Φ i,j +  S i ,j + TE = 0  

 a “geometr ic”  pic ture  of  matr ix  s ta tement  
 
Symbol correspondence to GWS statement 

 
 GWS h  genera tes  mat r ix  s t a tement  v ia  FE assembly   

 

 FD s tenc i l  ⇔  FE  [Mat r ix ]  connec t ions  wi l l  become  exposed  

1 
h 2 

  1 
1 

- 4 
1 

 1   Φ i , j   + S i,j   + TE  ⇒  [Mat r ix ]{Φ }-{b(s )}  +  {e r ro r}  =  {0}



IM.14 FD Approximate Solution

 

FD process yields a set of numbers Φk, 1 ≤ k ≤ nnode 
 
 
 
 
 
 
 

 

 N + 1  c o e f f i c i e n t s  a α  p r o d u c e  N t h - d e g r e e  p o l y n o m i a l  

U s in g  n o d a l  d a ta ,  a n  F D  " s o lu t io n ”  c o u ld  b e   
  

 ⇒  [ M a t r i x ]  s t a t e m e n t  f o r  d e t e r m i n i n g  t h e  a α     

F D  n u m b e r s   ⇔  a p p r o x i m a t e  s o l u t i o n  
e m p l o y s  i n t e r p o l a t i o n   c o n c e p t s  

Φk 

1 2 k K
x

I n te r p o la t io n  p o ly n o m ia l

f x a a x a x a x( ) ...= + + + =
=

∑0 1 2
2

0
α

α

α

N

 

1  x  1 x  1
2 x  1

3 x  1
N

1  x  2
 

a  1

a  2

a  N  

 =   

Φ  1

Φ  2

Φ  N

f (xk) = Φk = a0 + a1xk + a2xk
2 + … + aN xk

N   for  1 ≤ k ≤ K



IM.15 Polynomial FD “Solution”
  

 
 

Evaluating polynomial at K  FD nodes xk  produces 
 
   
  solvabi l i ty  requires  K  =  N  +  1  
  involves  α -exponentia t ion on xk  
 

Solution of [Matrix] statement,  e .g. ,  via Cramer’s rule 

          

 

Φ FD  ⇒  f ( x ) =  a α  x k ,  Φ k   x α∑ 
α=0, k -1
k =1,K

 

 
 

  detract ion is  osci l la t ions  between nodes  for  K  ≥  6  
  re so lu t ion  i s  piecewise  con t inuous  Lagrange  po lynomia l s  
     

[ Matrix (xk
α )] { ak } = { Φk } 

FD solution: 



IM.16 Lagrange Polynomial Interpolation

Φ k 

1 2 k K
x

        
 
 

Functionally convenient interpolation polynomial  

           
f ( x  )  ≡   L    K   x  ,   x  k  Φ  k ∑  

k =1

K

 

    

  f ( x ) =  a α  x k ,  Φ k  x α∑ 
α 

  
 

 

L a g r a n g e  p o l y n o m i a l ,  f o r  K  d a t a  p o i n t s  

    
f   x  j   ≡    Φ  j  =  L  K  x  j,  x  k

 Φ  k  =  δ jk   Φ  k∑  
k =1

K

 
 

  f o r  t h e  K - 1  z e r o s  o f  δ j k  
     
 

  f o r  δ j k  a t  u n i t y :  
     
  

LK(x, xk) = Ck (x – x1) (x – x2) … (x – xk-1) (x – xk+1) … (x – xK)

Ck = 1 / (xk – x1) (xk – x2) … (xk – xk-1) (xk – xk+1) … (xk – xK)

Lagrange: 

rather than: 



IM.17 Lagrange Interpolation Polynominals
      

 
 

L a g r a n g e  p o l y n o m i a l  o f  d e g r e e  K - 1  
 
   
 

 p o l y n o m i a l  i n t e r p o l a t i o n  f o r  F D  d a t a  Φ k   
   
     
  
 p r o v i d e s  a  c o n c e p t u a l  c o n n e c t i o n  t o  G W S  s t a r t i n g  p o i n t   
 

 

P i e c e w i s e  c o n t i n u i t y  i s s u e s  
    
 

φ(x)FD 

q x x QN
N

( ) ( )=
=

∑ Ψ
α α

α 1

 =  L K( x ,  x k ) Φ k (FD)∑ 
k =1

K

LK(x, xk) = 
(x – x1) (x – x2) …  (x – xk-1) (x – xk+1) …  (x – xK) 

(xk – x1) (xk – x2) …  (xk – xk-1) (xk – xk+1) …  (xk – xK)

d e p e n d s  o n  K  
n o t  u n i q u e  f o r  K  >  1

 f(x)

x



IM.18 GWS Summary, FE Trial Space Basis
 
 
 

F E  g l o b a l  s o l u t i o n  a p p r o x i m a t i o n ,  ∪ d e n o t e s  “ u n i o n ”  
 

   q N ≡ q h  = ∪ e q e x , and q e x ≡ N k η T Q e  
 
 key is FE t r i a l  s p a c e  b a s i s  { N k ( η ) }  
 
   c o n s t r u c t i o n  v i a  L a g r a n g e  p o l y n o m i a l s  
   e x t e n d s  d i r e c t l y  t o  
 
     k  >  1  
     n  >  1  
 
 i n v o l v e s  l o c a l  ( i n t r i n s i c )  c o o r d i n a t e  s y s t e m  η  
 
   c o o r d i n a t e  t r a n s f o r m a t i o n s  x  =  x ( η )  
 
S o l v i n g  G W S  d e t e r m i n e s  e x p a n s i o n  c o e f f i c i e n t  s e t  
 
   [ M a t r i x ]  s o l u t i o n  ⇒  { } { }ee QQ ∪=


