
PS.1 Engineering Simulation

 
Fundamentally,  engineers seek "solutions" to “problems” 
  conservat ion   pr inciples   

  const i tu t ive    c losure    (“physics  models”)   

   ⇒ vector    d i f ferent ia l    ca lculus     
 
Conservation principles,  Lagrangian viewpoint 
 
          mass:    
   
       l inear  momentum:   
   
                                     energy:   
   
  thermodynamic process :    
 
 
 

d M  =  0,   M  =  Σ mi

d P  =  Σ F,   P  =  M V

d E  =  d Q  -  d W

d S  ≥  0 



PS.2 Continuum Mechanics Viewpoint
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L a g r a n g i a n  f o r m  i l l u s t r a t i v e  a p p l i c a t i o n s  
                                                                                                                                              
 
 
 
 

 
 
 
 
 
Continuum mechanics concept 

 
C o n t r o l  v o l u m e  ( C V )  w i t h  e n c l o s i n g  s u r f a c e  ( C S )  
  
 R e y n o l d s  t r a n s p o r t  t h e o r e m  
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m e c h a n i c a l  v i b r a t i o n s :  )(tFkxxcxm =++  
 
 
  r i g i d  b o d y  d y n a m i c s :   ρωωρωVωRaa ××+×+×++= xyzxyzXYZ 2  
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PS.3 Continuum Mechanics Principles 

Continuum descriptions using  

 
Conservation principles, Eulerian viewpoint  

              

 

ρ (x, t) 

s t ructures            e lect romagnetics  
 
f lu ids                  mass  t ranspor t  
 
heat  t ransfer        mechanical  vibrat ions  
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PS.4 Continuum Mechanics Forms
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Control volume Reynolds form rarely used  
 “network” s imulat ions  
 "coarsest  mesh" possible  
 
For stationary CV, Divergence Theorem  

  
 
 g radient  vector  der ivat ive  
   

 
  
 divergence  operat ion 
   
  
  
 vectors ! !  calculus ! !   
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PS.5 Continuum Mechanics PDEs

 

 
 

 

Reynolds transport + Divergence theorem  
 

  

 

⇒  
∂ρ 

∂ t 

 + 
 ∇⋅ρ V 

CV

 d τ  = 0 

 
 

For arbitrary CV, integrand must vanish :  
 

    

    

    

  
 
 for  t ract ion vector  T ,  gravi ty body force  g ,  heat  f lux q  

ρ

C S 

V 
 
DM 

0ρρ:D =⋅∇+
∂
∂ V

t
M

Tρρρ:D ∇+=⋅∇+
∂

∂ gVVVP
t

( ) qV ⋅∇−=+⋅∇+
∂

∂ spe
t
eE ρρ:D

C V



PS.6 Physics Closure Models
 

 
 

 

 
 
 

Continuum PDEs universally valid! 
 
 so l ids ,  f lu ids ,  EM, vibra t ions  ⇒  how? !  
 
Distinction for discipline →  physics  c losure  models  
 
                                                                    
                 
 
 
Unsteady heat conduction :  for V = 0 ,  e = cvT 
 
                       
 
           κ   =   k /ρcp   ⇒  mater ia l  thermal  d i f fusiv i ty  
 

           

 

∇ 
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 =   Lap lace  PDE opera tor  

    

example ,  Fourier  conduct ion law :  q  ≡  -k∇T

k = thermal conductivity ⇒ k (x, T) 
    - sign for heat flow direction 
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PS.7 Physics Closure for DP, Structures
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Structural mechanics :  DP  involves tensors    
 

                                                

                                           

       

     c losure  model :  l inear  Hooke’s  law,  n  =  2  
 

 

 

                                                                                               
 

 laplacian PDE system 
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t ract ion:  Tc s  ⇒  jijn̂τ
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PS.8 Structural Mechanics DE Principle
 
 
 
 
  
 
 

DP:     L  (u) = -∇2 u – g(υ) ∇ ( ∇• u ) – b = 0 

Structural analyses employ an energy principle 

Principle  of  Vir tual  Work :  inser t ing Hooke’s  law
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Extremum of DE  ⇒  DP, e.g.,  



PS.9 Physics Closure for Fluids
 

 
 
   y

 
 
 

F l u i d  m e c h a n i c s :  s t r a i n  ⇒  s t r a i n - r a t e ,  h e n c e  v e l o c i t y  V ⇒ u i  

    v i s c o s i t y  c l o s u r e  m o d e l :  S t o k e ’ s  l a w  

 
    

N a v i e r - S t o k e s  P D E  s y s t e m :  i n c o m p r e s s i b l e ,  2 D ,  s t e a d y  
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PS.10 Continuum Laplacian PDE Systems

 
 
  

    
 
   
       p o te n t i a l  t h e o r y  
 
W ave propagat ion :  M ax w e l l ' s  eq u a t io n s ,  p la n e  w a v e     

                                                                      

               
 
M ass  transport :  co n s e r v a t io n  o f  s p ec ie s  ( im p l i c i t l y  n o n - l in e a r )  

     
 
Creeping  f low :  s a tu ra te d  a q u i f e r  (e x p l i c i t l y  n o n - l in e a r )  

           
 

Fluid  m echanics:  i r ro t a t io n a l        (∇  ×  V  =  0 )
                           +    i n c o m p r e s s ib le   (∇  ⋅   V =  0 )

D M:           ∇2 Φ = 0 ,    V = - ∇ Φ   

DM: ∇ 2  φ  -  ω 2  φ  =  0

⇒ perfect medium, φ = volts,  ω = frequency

DM: ∇ 2 φ  +  s (φ )  =  0

DM: ∇ ⋅φ∇ φ=  0



PS.11 Engineering Problem Statements
 

 
 

 Summary: problem statements are PDEs!  
   
                 
   
                        
   
  w i th  sources ,  non- l inear i t ies ,  uns teady terms 
 
 Generic ell ipt ic boundary value (EBV) problem  
 
 
     bounda ry  cond i t i ons  r equ i r ed  on  to t a l  ∂Ω  

                         

    = 
 ∇ q ⋅ n 

 + 
 g ( q ) = 0  on 

 ∂Ω 

q = cons tan t  (D i r i ch le t ) 

∇ q ⋅ n = f ixe d  (Neumann) 

∇ q ⋅ n = -g (q ) (Robin )  

Ω

∇2 q

l (q) ∂ Ω

L (q)    =  -∇2 q – s (q) = 0,   on   Ω

l (q)

Laplace operator (∇2) is highest derivative 
       ⇒  physics closure  model 
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Engineering design problems: PDEs + physics  + BCs  
 

    unknown cal led  s tate  variable  ≡  q (x ,  t )  
 
    so lut ion  i s  d is t r ibut ion of  q  on  (x ,  t  > t 0  )  
   analyt ical ly  in tract ib le ! 
Computer simulation  ⇒  seek an approximate  so lu t ion 

 

 f in i te  dif ference -  h is tor ical ,  archaic 
        f in i te  e lement  analysis   
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PS.12 Computational Simulation


