S.1(FE.1) Engineering Simulation

Physical Laboratory:

e model the geometry
similitude
cost

e measure the data
interpolation (errors)
Interpretation

Computational Laboratory:

e model the mathematics
conservation, BCs

e model the physics
complexity, cost

e COMpute the data
approximation error
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S.2(FE.10) Summary, Finite Element Analysis

For arbitrary geometries and non-linearity

problem statement: L(@=0 on QcR" + BCs
approximation: q(x)qu(x)si‘Pa(x) Q,

error minimization: GwgV — J’Q ¥ (x) L(q")dr=0

FE discretization: e}

Q

Q"= U, Q,
q"=q"=uUe {NX)}' {Q}e
FE GWS": [ Matrix [{Q} = {b}

error quantization: refined O" solutions



S.3(PS.12) Computational Simulation

Engineering design problems: PDEs + physics + BCs
unknown called state variable = q (X, t)

solution is distribution of g on (X, t > t; )
analytically intractible!

Computer simulation = seek an approximate solution
gt =g" (%, t)

finite difference - historical, archaic 0Q

finite element analysis
q" (X, 1) =" (%, 1) = U, 0, (%, 1)

optimal
encompassing
real world problems




S.4(HT1.18) Error Estimation, Energy Norm

Improved error estimate uses entire solution via a “norm?”

energy norm
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S.5(HT1.28) DE GWS" Summary, n=1

Given DE + BC problem statementonn=1

L()=00nQcR', /(q)=0 onoQ
FE weak statement recipe
approximation: ~ T(X)=T"(x)=T"(x) = U, T,(X)
FEbasis:  T.(x)={N,©} {Q}.
error extremization:  GWS" = [ W,(x)L(T")dx={0}= GWS" =S (WS},
matrix statement:  {WS}, = ([DIFF], +[BCs], ){Q}, — {b(data),

. . h 2 2 . .
error estimation: He HE < Cfedeata HL2 , Y= mln( K +1- m,r — m)

FE template pseudo-code
{WS}. =(const) (avg), {dist}, (metric),[FE matrix] {Q or data},



S.6(CM1.10) E-B, T Beams, GWSI Accuracy/Convergence

GUI creates Matlab script for either theory

theory: le"| < ce2|datal;,

vy =min(k, r —1)

accuracy/convergence experiments
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S.7(CM1.27) IC Cylinder, Accuracy, Convergence

GWS" {N,} basis implementation, temperature distributions
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Convergence: |e"| <Cl7|data];,, y=min(k,r-1)
Energy norm convergence data, Kk =1 Energy norm convergence, [HBC] on all elements
Mesh M IT||e slope Mesh M IT]||e slope
h 8 2.36494E+03 h 8 2.28175700E+03
h/2 16 2.42266E+03 h/2 16 2.28230949E+03
h/4 32 2.45369E+03  0.89486 h/4 32 2.28244772E+03 1.99890
h/8 64 2.46981E+03  0.94566 h/8 64 2.28248228E+03 1.99972
h/16 128 2.47802E+03  0.97236 h/16 128 2.28249092E+03 1.99993




S.8(HTn.34) Summary, n-D GWS" Essence for DE

FE discrete implementation GWS" for steady DE

“recipe” = analytical transformation of PDE plus BCs
to algebraic (computable) form

analogous = transformation methods for linear PDEs

solution” = parametric function of Re, Gr, Pr, Nu and data

error” — controllable via Q" and {Ny(L,n)} selections

HehHE < CthHdataHi2

y=min(K+1-—m, r—m)



S.9(CD1.2) Unsteady Scalar Transport

Eulerian non-D description for scalar transport

L) zaa—?Jru-Vq—Pa1V~(1+Pat)Vq—s:0, on Qxt
/(q) =Vg-n+Pb(g—q,)+ f, =0 , on 0Q), xt
a(Xy,,t) =g, (X,,t) , on 0C2, xt
q(X,t,) =9g,(X) , on QU OQxt,

Definitions for (x,t), Pa, Pb, Pa' depend on application

Transport q Pa Pb Pa' Vi
heat ® RePr Nu Re'/Pr } Re! = (_j
mass Y ReSc Pa’! Re'Sc' V
pollutant Y, ReSc Pa’! Re'Sc' dim



S.10(CDn.21) Unsteady n — D Scalar Transport

Essential ingredients of GWS" (mDE) + 0TS

approximation: q(x,t) = q" (x,t)=q"(x,t) = U, q,(X,t)
FE basis:  g,(xt)={N, (¢ n)f QML
error extremization: GWS" = .[Q ¥, (X)L (q")dr = {0} = GWS"

matrix statement : GWS" + 0TS = [MJACJ{AQ} = —At{mRES}
[MJAC] =S, ([mJACL), {mRES}=S,({mRES},)
asymptotic convergence : Heh(t)HE <Ch,®"P|data|" +C,At"®|q,|.

error spectra: U, & G = f(w,k,h,At,0,a,B,7)

Template pseudo-code converts theory = practice

GWS"(mDE) +0TS = S_{WS}, = {0}

{WS}, = (const)(avg), {dist}, (metric)[Matrix |, {Q or data}
[JAC], = 3{WS},/0(Q},




S.11(CMn.19) Plane Stress: Plate with a Hole

GWS" for DP and/or DE extremum, plane stress, n = 2

_ U
[Matrix (EaU)]{V} = {R (&9, Ty, T, P, Pg)} meshing, Q"
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S.12(CMn.23) Streamfuction-Vorticity Navier-Stokes

Forn=2: u=Vxykand @=Vxu-k

DM:  V.u=V.Vxyk =0 identically
k-VxDP: o +Vxyk-Vo-Re' Vo=0
kinematics: 0)=V><U-|2=V><V><\|/R-I2=—VN/
Steady-state N-S PDEs + BCs:

L(w)=—Re'Vo+Vxyk -Vo =0
Ly)=-Vy-0=0

0. : u(y,Xx, )= o, ,y, viadefinitions

A S G S
0Q,, : N-V(o,y)=0 - T ST >> —————————————————— >>
~~§‘> ____________________________
o0Q .. V=vy, =constant Y
A _ 'f\\ //' = ~o
n-Vo =1 (y,on) N




S.13(CMn.31) Mechanical Vibrations Normal Modes

Transverse vibrations of a plate N
o S _
dP: at—gl_v’ f(E,0)Vy=0 N 11010000107 g/ Y, =0
normal mode solution y (X,t) = Q(x) e"" §/////////////////////// S

GWS" for eigenmodes l[STIFF] oY ASS]] Q) = {0}
homogeneous BCs  det([MASS]" [STIFF] - w;*[1]) = {0}

GWS" normal mode solutions, o;" =45, 71, 99 fori=7, 12, 19




S.14(FE.1) Engineering Simulation

Physical Laboratory:
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