
FM.1 Fluid Mechanics, Simplified Analyses
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Control volume, uni-directional flow
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DM , DE  ⇒  algebraic equations 
  physics  ⇒  heat added, work done
     DP     ⇒  reaction force T 

    data: velocity in, heat added, fluid properties 
 output: velocity out, work done, reaction force 
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FM.2 Fluid Mechanics, Constitutive Closure Models



 
One-dimensional simplifications 
 
 
 
                                                                             
                   
  
  

 
 

 
 
 
 
  
 
 
 

textbook pipe flow 
     physics – laminar, DE = 0 
DP ⇒ ordinary differential equations

practical pipe flow 
     physics - turbulent flow 
        DP ⇒ data correlations (Re, ε/D) 
                  concepts – similitude, roughness 
DM, DE ⇒ piping networks, pumping 

compressible flow 
     physics – isentropic (μ = 0 = k) 
                  – perfect gas ( γ, R ) 
DM, DE ⇒ exponential algebraic equations 
                    concepts – sonic throat, shock 
        DP ⇒ reaction force

FM.3 Fluid Mechanics, Navier-Stokes Equations



 
 
 
   

n o n - D ,  i n c o m p r e s s i b l e  l a m i n a r  f l o w  +  h e a t  t r a n s f e r  
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closure models: 

non-D variables: 

0ˆ
Re
Gr

Re
1)(:D 2

2 =Θ−∇−∇+∇⋅+
∂
∂ guuuuP P

t

ICBCson0
PrRe

1)(:D 2 ++ℜ⊂Ω=−Θ∇−Θ∇⋅+
∂
Θ∂ ns
t

E u

closure models, non-D groups

NuBCs

1)Pr(Re

1Re

ˆ2ReGrρ

⇒

−⇒

−⇒

Θ−⇒

q

T

gg

2
0 Uρ/

U/
T/)T(

∞

∞

=

=
Δ−=Θ

pP

T min

Vu
( )T

μUρc
βRaRayleigh

/LNuNusselt

/μcPrPrandtl
UL/μρReReynolds

μ/TLβρGrGrashoff

2

0

232
0

Δ==

==

==
==

Δ==

p

p

gk
kh

k

g

 

FM.4 Navier-Stokes Equations, non-Dimensional



 
 
 
   

C h a r a c t e r i s t i c s  o f  a e r o d y n a m i c  f l o w s  
 
     
         
  
  
 
         
 
 
 

 
      
  
 
 
     
  

farfield described by potential flow ⇒  u = -∇φ 

Bernoulli pressure

Conservation principle simplifications

aerodynamic shapes 
     flowfield is uni-directional 
     farfield is undistributed 
large Reynolds number, Re/L > 106 

     viscous effects strictly local 

DM : ∇⋅ρu ⇒  -∇⋅ρ∇φ = 0 

uuxΨP ⋅−=⇒⋅ ∞∫ ρ
2
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nearfield DM  + DP  can be Re-ordered 
                ⇒  boundary layer form of N-S 

FM.5 Navier-Stokes, Aerodynamics Simplification



 
 
 
   

Inviscid, irrotational steady flow 
 
     
        
  
  
 
         
  
 
 
 

       
  
 
 
     
  

subsonic – transonic – supersonic:  Mach ≡ M= U/a , a = γRT = )γR/(U T∞
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Mach ≈ 1 Mach > 1

 
 

Mach ≤ 0.3 

FM.6 Aerodynamics – Potential Flow
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n - D  s u b s o n i c  a e r o d y n a m i c s  
 
      
       
  
  
 
         
  
 
 

 
      
 
 
  
     
    
 
 

 

D M :  L  (φ )  =  -∇ 2φ  =  0                    ,o n  Ω  ⊂  ℜ n  
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FM.7 Subsonic Potential Flow



 
 
 
   

U∞  

F a r f i e l d ,  s u b s o n i c - t r a n s o n i c  p o t e n t i a l  f l o w  a s s u m p t i o n  
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N earfield , boundary layers w ash aerosurfaces

D M : 

D E : 2/ρ)( δ φ∇⋅φ∇−= ∞pp x

viscous, turbulent effects dom inate

0=⋅∇ u

D P : Tuu ∇+∇
−
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in the region yb (x) ≤  y (x) ≤  δ  (x)

δ  (x) ≡  boundary layer thickness 
     T  =  viscous + turbulent effects 

x 

  y

δ(x)

  yb 

FM.8 Aerodynamics, Weak Interaction Theory



 
 
 
   

R e y n o l d s  o r d e r i n g  o f  N a v i e r - S t o k e s ,  s u b s o n i c ,  n  =  2  
 
      
       
  
  
 
         
  
 
 

 
    

known scales: 

non-D ordering: 

DP: 

U∞, L, δ(x)

u/U∞ ≈ O(1), x/L ≈ O(1), δ/L<< O(1)

DM: 
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FM.9 Aerodynamics, Boundary Layer Flow



 
 
 
   

x x + Δx  

δ(x)

 
 
      
       
  
  
 
         
  
 
 

 
    

D P y: 

D M : 

pressure through B L is constant 
           ⇒  P (x) from  potential farfield  D M  so lution 

D P x: ∂2u /∂x2 is O (δ2), hence negligible, R e =  O (δ -2) >>1 
           ⇒  B L  D P x is initial-value on x ≥  x0 

∂v /∂y =  - ∂u /∂x , hence in itial value on 0  ≤  y  <  δ(x)

C onservation  princip les for lam inar B L  flow  sim plify to  
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Sum m ary, R eynolds ordering of N -S , n  =  2 , steady subsonic B L

FM.10 Boundary Layer Form of Navier-Stokes
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BL form of NS valid only for Re >> 1 
 
      
       
  
  
 
         

  
 
 

 
 
    

aircraft Mach U∞ (m/s) L (m) Re Re/L 
commuter 0.3 125 10 3E07 O(E06) 
wide body 0.9 250 40 2E08 O(E06) 

BL flows will be turbulent (!)

resolution of BL velocity components
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FM.11 Boundary Layer Flow, Turbulence
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T i m e  a v e r a g i n g  o f  B L  D M  a n d  D P  
  
      
       
  
  
 
         
  
 
 

 
    
 
 
 
 
 
  

DM : both terms linear, hence u'u ⋅∇==⋅∇ 0  

DPx: non-linear convection term generates a new contribution
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FM.12 Boundary Layer Flow, Reynolds Stress
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FM.13 Boundary Layer Flow, Turbulence Modeling



 
 
 
 
 
 
 
                   
 
                                                                   

Downstream  velocity profiles,
lam inar, 104 ≤  Re/L ≤  106 

Turbulent BL,  Re/L ≈  105

FM.14 Aerodynamic Boundary Layers, Laminar & Turbulent



 
 
 
 
 
 
 
                   
 
                                                                    
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

F lu id -th erm al-stru ctu ra l sy stem  d esig n  u ses “C F D ”

fo r R eyno lds-averaged , tu rbu len t, unsteady  incom pressib le  flow  
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w h ere:

non-D  g roups w ere  defined  on  F M .4  
tu rbu lence  c losu re , genera liza tion  o f B L  developm en t, F M .12 , v t ≡  C μ  k 2/ε

algeb ra ic  R eyno ld  stress m odel 
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FM.15 Navier-Stokes, Computational Fluid Dynamics



 
 
 
 
 
 
 
                   
 
                                                                    
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 

NS turbulent flow conservation law PDEs

initial-value 
explicitly non-linear! 
multiple DOF/node! 
as given, are ill-posed! 
intrinsically unstable for Re >> 1

Commercial CFD codes contain required capabilities

have 15-20 year development history 
are based on FD, FV and/or FE discrete methods 
learning curve is steep! 
chances for error are numerous 
output interpretation requires color graphics & animations 

FM.16 Navier-Stokes, CFD, Algorithm Issues



 
 
 
 
 
 
 
                   
 
                                                                    
 
  
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Consider unsteady isothermal laminar NS 

DM: ∇⋅u = 0 

DP: 
!onnone,onPDEs4
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Mathematically, DM is a constraint on solutions to DP 

theories to enforce the constraint include 

pseudo-compressibility: 0βD 1 =⋅∇+⇒ − utpM

pressure projection: yiterativel,0ε >⇒⋅∇ hu

vector field theory: Ψu ×∇=guaranteesDM

∇×DP eliminates pressure appearance

⇒ for n = 2, produces streamfunction-vorticity formulation 

FM.17 Incompressible N-S, Well-Posedness



 
 
 
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

                                    
 
 

For n = 2:        kuku ˆωˆψ ⋅×∇≡×∇= and  
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FM.18 Streamfuction-Vorticity Navier-Stokes



 
 
 
 
 
 
 
                   
 
                                                                    
 
  
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 

Galerkin weak statements:
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FM.19 GWSh, Streamfunction-Vorticity NS, n = 2
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Vorticity Robin BC generated via TS on ∂Ωh: 
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FM.20 GWSh Details, Streamfunction-Vorticity NS
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GWSh ⇒ global Newton statement 
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FM.21 Newton {FQ}e Template, (ωh, ψh) GWSh



 
 
 
 
 
 
 
                   
 
                                                                    
 
  
 
 
 
 
 
  
 
 
 
 
 
  
 
 
 
 
 
 

Newton jacobian formed via differentiation
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FM.22 Newton Jacobian Template, (ωh, ψh) GWSh



 
 
 
 
 
 
 
                   
 
                                                                    
 
  
 
 
 
 
 
  
 
 

 
 
 
  
 
 
 
 
 

GWSh + Newton ⇒ computable matrix statement 

Step-well diffuser problem statement

primary separated flow region 
      caused by step change in A(x) 
       reattachment )w1(ψx  = f (Re) 
multiple auxiliary separations in 3-D

Computer lab design problem 

determine x1/S of dividing 1ψ as f (Re) 
       for 100 ≤ Re ≤ 600 
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FM.23 Incompressible N-S, Step Wall Diffuser


