MVn.1 Mechanical Vibrations, Continuum Systems

Lagrangian viewpoint, mechanical continuum

for Lagrangian L=T -V = f(U,Vu,data), and dM = 0 = dE

dP = E - L equation : i(ﬁj—v ok
ot ou 0 (Vu)
Longitudinal oscillations of bar,n =1
T =1/2pu*, V =1/2Eu;

E-L = dP: L(u)=t-c’u, =0, c=4E/p

Nondimensional

Problem Schematic wave equation Wave speed
Torsional
oscillations - ™8 ate 9% G G = shear modulus
) : _ ce= | — A
of circular a ( | a at? P £ = mass density
cylinder
itudi — t
g Spes e ’w  Pw _|E E = elastic modulus
oscillations | __a):z = E‘z C = ; p = mass dcnsily
of bar
-
Transwv erse —— ——— 32 y azy . T T = tension
S W ax2 a2 “Vn = linear density
taut string



MVn.2 Mechanical Vibrations, n-D Continuum Systems

Lagrangian L=T-Vv= f(0Vu,data)
E-L=dP: i(%j_v.(ijﬂ)
ot \ ou ovu
Transverse vibrations of a plate, n =2

2
oY V. (Bv)Vy=0

t2

dP :

Sound propagation in free air, n = 3

o’ p
dP : e —c’V?p=0, Cc=49RT
Normal mode solution g (x,t)=Q (x)e™
eigenmodes VZQi _@fQi -0

homogenous BCs o= w?, 1<i<n..,Q=Q,

12




MVn.3 Transverse Beam, Harmonic Oscillation

Euler-Bernoulli beam, recall SM1.2

d> d>
4P L (Y) =~ (EI dng_ D(X) =P =0

BCs:y (0)=0=y (L), pin connections
data: p = uniform mass density/area

y

Harmonic oscillation under own weight

IC: point load P released att =0

. o’y o'y
dP: L (y)= PAST+EIZY=0
normal mode solution: y(x,1) =Y (x) e™
oY L,
dP: L(y)= EI Foranls pAY =0

thus: p (X) = -po’AY(X), o = frequency



MVn.4 Vibrating Beam, Normal Mode Solution

Euler-Bernoulli beam, modal solution

d*y pA 5
dP: L = — | =— |0’ =0
() dx* (EI jw

fundamental Y (x)= C[Bsin (AX)+ D cos (AX)]

plug into dP CB:(&j:CD’ 24 = 2

apply BCs Y(x=0)=0=Y(x=L)=D=0,B=1,A=nxa/L
mode shape Yn(x)z(%jsin (072x)

frequencies ¢ = @, = (nn/L)

natural frequencies n_| 1 2 3 4 5
©n | 9.87 39.48 88.83 157.9 246.7

corresponding modes

n | 1 2 3 4 5




MVn.5 Transverse Beam, GWSN Formulation

E-B beam, mechanical vibration, GWS" process

P- — oy 0 oy —
d L (y) pA(X)at2+EaX2(I(X)aX2 +p(X)+P=0

: : \
approximation y (1)~ YN (x.1) = Z\P (XY (t)

Galerkin WS GWS" = jQ\P

B(x)L(yN)deO, 1<B<M

2.,N 2 2N

- oy 0 oy
=| ¥, | pA(X - El +p+P |dx
Jo B{p N5 *ae” o TP }

2.,N 2.,N R
Oy dy, g4y

ot dx " dx dx
2

d _ d*y"
+%¥.(p+P)|dx+¥,—El
(P )} Pax — dx?

= [ |'¥, ()pAX)

L

= [ | ¥, (x)pA(X)

JQ

R R

=0

L

a yN d2 dZyN
+ YV El
o S NG e

+ ‘I’BV

L

d¥,
+Y¥,(p+P)|dXx———M
dx

2.,N 2.,N
BCs, moment, shear Mopl 8 y2 | ved(gd y2
dx dx dx



MV/n.6 Transverse E-B Beam, GWSN = GWSh

Finite element implementation GWS"

approximation

Galerkin WS"

FE template

y (1) =y (X1 = U, Y (X.1)
Y. (60 = {N, (O} {Y ()},
GWS" =S_{WS}, ={0}

dz{N ! dz{N \T

(WS) = [ {N} PACO NG dx (Y3, + [

diNG
dx

El(X)

dx{Y

+{N,}V

00,

+ P{3}

00,

+j (N} p(x) dx—

{WSle =(p)(A){ }(1)[A200]{Y}
+(E)( ){1}(-3)[A3022]{Y}
+()(O){ H(1[A200]{P} + Pfs}+{BCs]



MV/n.7 Euler-Bernoulli Beam, Cubic Hermite FE Basis

Two derivatives require k > 2 basis; let’s examine

RO
For {Q}., select displacement and slope DOF

ye(X_z O) =YLe , ye()T: |e): YRe YL Q. YR

X X

dYe dYye
_ =DYLe , _ =DYRe DYL DYR
dX X =0 dX x =l

solving 4 x 4 system for nodal DOF yields

1- (G (1+2¢1)

) YL
Ye(X)= [N Nt Ql , I(Njg'\= C2(G1)le _ DYL
e(X)=\N3"; \{je W3y R 2ey) | {Q}e DYYRR
- C1 (62Ple e

checks out for (0,1) consistency at nodes



MVn.8 Euler-Bernoulli Beam, Hermite Basis FE Library

Using {N.} for I(x), p(x), recalling [, ¢r¢s dx=r.plqt/(1+p +q)!
R PP {2}'
E(1), B

_ EC 1} [A3022LH]

[STIFF]e = |3e 6 _ 2 - |3
6 _ 4 )
Com H'f
156 221, 54 —13|e
. , Al 41* 131 - 3]? _
MASS 1. = pA N EN T dx = P2ele e : e | = pA 1.[A200 H
[MASS ], = pA [, {NHN} e 156 a1, |~ PR I
(sym ) 417
21 9

9 21

= IE
{load}e_Je{Ns,}pe(x)dx+P e
—2|e —3|e

3, 2l | [PL
FPR} +{PP} = I,[A200 HL ],{P}, + {PP}

Moment and shear BCs

S 0
el 8
d{N
{N,}V =V L { 3}M = M el
oQ S d X oQ 0




MVn.9 Transverse Beam, GWSh Assembly Example

«——— L
/Q ® ®
] pA =200 kg, 1=5x10"m* L =1m 1 2 3
data: s ) N
E =210 x10 " N/m ~, kg, =2x10"N/m <
M=2Q,,DOF = {Q};=1{0,0,Y2,DY2}", {Q},={Y2,DY2,Y3,DY3}'
0 0 0 0 156 221, 54 —13l,
A = & TASS L. =6 0 0 0 ) 412 131, =312 ()
e s 156 —22l, e 156 —22I, -
(sym) - 221, 412 (sym) 412
32 0 54 131 |[ Y,
pAl 81> 131, -3I2||DY2
420 156 —221 || Y3
(sym) 412 | |IDY3
0 0 0 0 12 6, -12 -6l
[STIFF ] =S,[STIFF ], = S 0 0 0 Q) 4l -6l -2l Q!
S s 12 -6l = 12 —o6l, =2
(sym) —-6l, 4l (sym) 41;
24 0 -12 -6l 0 0 0 0])[Y2
El 8l -6l —21. 0 0 0|||DY2
— +
R 12 -ol, k 0[|] Y3
(sym) 412 (sym) 0 DY3



MVn.10 Transverse Beam, FE Modal Solution

GWS" M = 2 matrix statement

GWS " = [MASS ]{Q} +[STIFF ]{Q} = {0}

normal mode solution:

y'(x,t) = Q(x)e""

GWS " = ([STIFF ]- 0?[MASS ] ){Q} = {0}

natural frequencies: o= 0= \/eigenvalue s of [MASS] '[STIFF]

M atlab experiment, 4 < M < 64
i | 1 2 3 4 |
o 806 5.09E3 1.72E4 500E4 | M=2
e ®, | 829 5.05E3 141E4 2.73E4 | exact
0.08

:E 0.06 4 Natural Freguency
] oo M © *1E-04  ,*1E-04  ©3*1E-04  w,*1E-04
s 0 7</ 4 0.0838220 0.5070094 1.4249880 2.8102408
0.02 | \_/_/// 8 0.0838704 0.5067519 1.4155006 2.7769875
004 ‘ ‘ ‘ ‘ ‘ 16 0.0838752  0.5067581 1.4148080 2.7713884
0 0.2 0.4 0.6 0.8 1 1.2 32 0.0838754 0.5067615 1.4147716 2.7710265
X 64 0.0838753 0.5067621 1.4147705 2.7710054

ol ®2 ®3 o4

displacement DOF normal modes



MVn.11 Transverse Vibrations, L-Shaped Membrane

Transverse vibrations of a plate N
dP: at—zl_v’ f(E,0)Vy=0 11100000017 g/ Y0, =0

QL1110

. 1 t
normal mode solution y (X,1)=Q(x)e" 7777777777777 7TTT7777

GWS" for eigenmodes l[STIFF] —0’ [M ASS]] {Q} = {0}
homogeneous BCs  det([MASS]" [STIFF] - w;*[1]) = {0}

GWS" normal mode solutions, ;" =45, 71, 99 fori=7, 12, 19

N - -
A 4 v vY "



