SM1.1 Structural Mechanics, Conservation Principles

Lagrangian viewpoint for elastic continuum:
dM =0 = dE
dP=>F=0
rxdP=>M=0

n =1 applications y o

beams :Eld’y/dx’ =M S
torsion :t_ =Tc/J P;
columns : Eld*y/dx* =M =—Py

modal solution: y(X) = Sin(%}
pre—bucklingload: P, = n°El / ¢*

inelastic behavior: ||



SM1.2 Euler-Bernoulli Beam

E-B beam, distributed and point loadings

statically determinant, uniform cross-section

dP + Hooke: L(Y) = — d22 [Eldzgj— p (X)-P=0
dx dx
data: E = Young’s modulus
I = area moment of inertia -
p(X) = distributed load
P = point load
solution: y (X) = vertical displacement

. 2 2
BCs: y or dy/dx and T EEId_i/, vod Y
M or V at X, Xg dx dx{  dx



SM1.3 Euler-Bernoulli Beam, GWS"

E-B beam, separating dP and kinematics, variable |

d’y

dP: M =EI(x) <Y y
( )dx2 N
d’M P(X) p
r x dP: L(M)=— —p(X)—-P=0, BCs: M, V
(M) v P(X) Hlﬂ l _____
2
dP alternate: £(y) = —EI(x) Y + M =0, BCs: y, dy/dx 2\ 109 &

dx’
GWS" template psudo-code, for any {N(¢)} FE basis

{WS}e = (const)(avg)e {dist}e (det)[FE matrix]{Q or data}g
{WS(M)je = OO (=DIA2IT{M § + ()1 §(D[A200]{P} + P{o} + {BCs}
{WS(Y)je = (E)D{}(=DIAZL1{Y } + OO { 3 (DIA200]{M } + {BCsj



SM1.4 Timoshenko Beam, GWS"

Timoshenko beam theory, dP + Hooke with r x dP

2 — ;
£(F)=—El d—Z—kGA(d—W— rj i r plane; rotation
dx dx w = vertical displacement
d’w dr A = cross section area
LWy =—kGA| @ g | T PR+P=0 G = shear modulus, k = constant

GWS" template pseudo-code for any {Ny(£)}
{WS}. = (const)(avg)e{dist}(det)[FE matrix]{Q or data},

WS (R)je=(E)D{ J(-DIA2IT]{R} + (-kG)(A) T ;(0)[A201]{W;
+(kG)(A){ }(1)[A200]{R} +{BCs}

(WS (W)ie = (kG)(A) L J(-DIA2IT]IWS + (kKG)(A){ J(0)[A201]{R}
+(OC )1 J(D[A200]{Pj+P{o} + {BCsj



SM1.5 Timoshenko Beam GWS", Under-Integration

Timoshenko Gwsh Implementation is “excessively stiff”
correction is to under-integrate offending term

GWS"(L(r))= jQ (N}kGArdx = kGA[A200U],{R},

Produces artificial diffusion mechanism, e.g., for {Ni(&)}

|1 1 012 1
=— = — ?? A200L | =—%
[A200U | 4{1 J [A200L] —-[A2?22L],  [A200L ], 6{1 2}

|1 =1] ¢ 0
hence: [A277L] = —{ }:—G[AzllL] — —= [DIFF],
12/-1 1] 12 12

GWS" template modification

{WS(R)Je = {WS}e +(kG/12)(A){ F(D[A2I1]{R}



SM1.6 E-B, Timoshenko Beams, GWS" Accuracy/Convergence

GUI creates Matlab script for either theory

o(X) A

theory: " < cr2|datal;, PX

y=min(k, r —1) l\ l l

accuracy/convergence experiments

Convergence plot for a uniformly Convergence plot for a point load at the Convergence plot for a distributed and a
distributed load center point load
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SM1.7 Euler-Column, Eigenmode Solution

Euler column: slender vertical rod under compressive load

2
Loy =X M_y 'PL P
dz= ElI
X (Z2) = lateral deflection distribution ’
M = |P|x = bending moment
| = area moment of inertia "
BCs: x(0)=a| ., . :
pin connections (if no offset a =0 =b)
X(L)=b
dx
—1| =c, clamped end (¢ =0 usually)
dz|,,

For pin connections, no offset, uniform |

2
P
dP : L(X) = —j—§+%x )
YA

. . . [ NmtZ
eigenmode solution : X = X, (2) = sm(%) =|P, |=EI\,, A, =nn/L




SM1.8 E-B Beam, Harmonic Oscillation

Euler-Bernoulli beam, harmonic oscillation

2 2
recall dP: L(y) = — d2 (EI d z/]— p(x)—P =0
X dx

initial state: point load P released at t =0

BCs: y (0) =0= y (L) Alilmiwc%
pin connections, restrained ! { I [N ll
data: p = beam mass density/length

Harmonic oscillation under own weight when P removed

then: p (X) = po’y (X), © = frequency
DP: L(y) = eigenvalue problem, homogenous BCs

1/2
eigenmode solution: Yy = Yy, (X) = sin(%j, ® = o =[E?'J = A



