
SMn.1 Structural Mechanics, n-Dimensions
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Multi-dimensional Eulerian conservation principles   
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For arbitrary domain Ω and V = 0

DP:  ∇T + ρg = 0
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SMn.2 Structural Mechanics, n-Dimensions
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E n ergy  fo rm ula t io n ,  from  “v ir tua l  w ork ”   
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Virtual work ⇒ variational energy principle, PS.8

∫ ∫ ⋅=⋅≡⇒=∑
r r

W rFrPFP ddd0:d

in elasticity: F ⇒ τij,   dr ⇒ εij

surfTuvolBuvolWE jjjjijij dddετd
2
1d:D

ε

0 ∫∫∫∫∫ Ω∂ΩΩΩ
−−=≡Π

Inserting Hooke, matrix form, PS.8
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SMn.3 DE Extremum, FE implementation

 
 
 
   

A u g m e n t  Π  f o r  i n i t i a l  s t r e s s / s t r a i n ,  p o i n t  l o a d s  
 
     
        
 
 
A p p r o x i m a t e  i n t e g r a l  a s  s u m  o v e r  F E  d o m a i n s  Ω e   
 
         
 
 
E x t r e m i z e  w . r . t  n o n - c o n s t r a i n e d  F E  n o d a l  { D O F }    
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SMn.4 DE Extremum, FE Stiffness Matrix

D E  e x t r e m u m ,  p la n e  s t r e s s ,  F E  c o n s t r u c t io n  
 

  approximation:  ue(x,y) ≡ {N}T{U}e 

        

 

matrix form:              u  e   ≡   u  
v e
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  kinematics:  {ε}  ≡  [D] {u} ,              matrix derivative 
 
      
 
 
 
 
S t i f fn e s s  m a t r ix  c o n t r ib u t io n  Π e  t o  Π h   
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SMn.5 DE Extremum, Plane Elasticity, FE Matrix Statement

E x tr e m u m  o f  Π e  f o r  a l l  { D O F }  n o t  B C -c o n s tr a in e d  
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E x tr e m u m  o f  D E h  i s  e q u iv a le n t  o f  G W S h  fo r  D P ,  h e n c e
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SMn.6 GWSh FE Template, Plane Stress/Strain

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Extremum of Πh  for plane elasticity produces

GWS h  =  S e{WS} e  ≡  {0}

{WS} e  =  [STIFF] e {UJ} e  –  {rJ} e ,   for   1  ≤  J  ≤  n  =  2  

{WS} e  basic contributions
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GWSh  template pseudo-code, plane elasticity, any {Nk(ζ ,η)}
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For {N1(ζ )} on triangle Ω e ,  index notation

chain rule: ∂/∂xi  =(∂ζα/∂xi)e  ∂/∂ζα
                 and ∂{N1}/∂ζα⇒{δα} 
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SMn.7 GWSh k = 1 n = 2 FE Implementation



SMn.8 GWSh {N1(ζ)} Stiffness Matrix, Plane Stress

 
 For {N1(ζ )}[B]e ,  and recalling SMn.6, [STIFF] e ,  becomes 
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For  norm al-shear  reso lut ion
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SMn.9 GWSh {N1(ζ)} Stiffness Matrix, Plane Stress



SMn.10 Plane Stress: Plate with a Hole

 
GWSh  for DP and/or DE  extremum, plane stress,  n  = 2  
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       geometry: plate with hole in tension 
               data: L, D, T, BCs 
         solution: uh (x, y), vh (x, y) 
interpretation: von Mises stress concentration

Computer lab design study 

meshing, Ωh

x  displacement, uh y  displacement, vh von Mises stress


