
ST1.1 Unsteady Scalar Transport 
 
 
 Eulerian non-D description for scalar transport 
 
 
   
 
  
   
 
 
   
 
 
   
 
 
 
Definitions for q(x, t),  Pa, Pb, Pa t  depend on application 
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ST1.2 Unsteady Energy Transport, n = 1

 

E u l e r i a n  d e s c r i p t i o n ,  e n e r g y  t r a n s p o r t ,  n  =  1   
 

 
 
 
 

 
 
 
 
T i m e  a v e r a g e d ,  n o n - D  b y  r e f e r e n c e  s t a t e  ( L ,  U ,  ρ ,  c p ,  k  )  
 
  
 
   

  
 
 
 
 
 
 
  

  potential   tem perature:  Θ    ≡     T  -  T  min  
 /  T  max  

 -  T  min  
 Peclet Num ber: Pe    =    ρ  c  p  UL  / k   =   PrRe 

   Nusselt Number: Nu     =     hL / k 
Re t  (turbulence): Re t    =  (vt/v)dim 

velocity: U/),( txuu =  
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ST1.3 Unsteady Energy Transport, n = 1 GWSh

 
 Approximation now contains time dependence  
 

 

 

    

 
 
 Weak statement GWSN  ⇒  GWSh     
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ST1.4 Unsteady GWSh ODE System Utilization

 

GWSh  has produced an ODE system 
 
 
 
 
Use of this ODE in time Taylor series 
 
 
  
 
 
 
 
 
Linear combination ⇒  one-step "Euler family" 
 
 
  

 

 

t 

  {Q}n+1

{Q}n

  {Q} {Q}′
n+1{Q}′

n 

tn tn+1

}RES{]MASS[}{GWS 1' −−=⇒ Qh

( ){ }
⎪
⎩

⎪
⎨

⎧

Δ++Δ+
Δ+Δ+

Δ+Δ+
=

+

++

)(}{2/}{
)(}{}{

)(}{}{

3''
1

2'
1

2'

1

tOQQtQ
tOQtQ

tOQtQ
tQ

nnn

nn

nn

n

( ) ( )( )
0.10:parameterssimplicitne

}){1(}{}{}{ ''
11

≤θ≤
Δ+θ−+θΔ+= θ

++
f

nnnn tOQQtQQ



ST1.5 GWSh + θTS ⇒ Algebraic Form

  
Substituting GWSh  into θTS 
 

     
Q n +1 

 =  Q n 
 -  Δ t  MASS  -1  θ  RES n +1 

 +  1 -  θ RES n 
+ TE 

 
 
 
To produce computable form 
 
 
  
 
 
 
Matrix statement for computing 
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• multiply through by [MASS] (no inverse!) 
• clear {RES}n+1 to left-hand side 
• define change variable {ΔQ} ≡ {Q}n+1 –{Q}n 



ST1.6 GWSh + θTS Template, n = 1
 

 
 

 Summary: GWSh  + θTS for energy transport 
 
  
 
  
 
 
  
 
 
 
 
Template pseudo-code:  
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ST1.7 Error Estimates, n = 1 Unsteady GWSh + θTS

 
 
 
   

F o r  a n y  s o lu t i o n  q h ( x ,  t )  f o r  u n s t e a d y  L ( q ,  P e ,  R e t )   
 

                  e h ( x ,  t )  ≡  q ( x ,  t )  -  q h ( x ,  t )  
 
A s y m p t o t i c  e r r o r  e s t im a t e s  a r e  f  ( P e ,  { N k } ,  θ ,  d a t a )  
 
  
  
 
 
 
 
 
 
 U n s t e a d y  c o n d u c t i o n   ( P e - 1  >  0 )     U n s t e a d y  c o n v e c t i o n   ( P e - 1  =  0 )    
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ST1.8 Peclet Problem, Dispersion Error
 

 

 

 
L   ( Θ ) =  d Θ 

d x 
   -    1 

Pe 
 d 2 Θ
d x 2 

  =   0 
 

 

 
Θ  (x) =   1 - exp  x  Pe 

1 - exp  Pe  
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ST1.9 Traveling Wave, Dispersion Error

  
 

  
 
  
 
 
 
 
  
 
 
  
 

 

 q  ( x  ,  t ) =   q  0  
  exp i x  -  ut 

 
 

 

  
 M = 2 0 ,  C = 0 . 5 = θ  

S o l u t i o n  g r a p h
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Problem  statem ent 
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L    ( q  ) =   ∂  q  

∂  t 
   +    u  ∂  q  

∂  x  
  =    0  D M : 

BC: q(x  = 0, t) = 0 

q  ( x  ,   t  =   t 0 ) =  q  0 
  x  

M = 6 0 ,  C = 0 . 5 = θ M = 6 0 ,  C = 1 . 0 = θ
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