
SU.1(FE.1)  Engineering  Simulation

Physical Laboratory:
• model the geometry

similitude
cost

• measure the data
interpolation (errors)
interpretation

Computational Laboratory:
• model the mathematics

conservation, BCs

• model the physics
complexity, cost

• compute the data
approximation error
physics model error
interpretation



SU.2(FE.5)  Summary, Finite Element Analysis
 
 

 
 
 
 
  
 
    

 
   
   

approximat ion:  

FE discret izat ion:  Ω ≈ Ωh = ∪e Ωe 

qN ≡ q h = ∪e {N(x)}T {Q}e 

error  minimizat ion:  

FE GWS h :  [ Matrix ]{Q} = {b}

error  quant izat ion:  

For arbitrary geometries and non-linearity 

problem sta tement :  L (q) = 0   on   Ω ⊂ ℜn   +   BCs 

α
α

α Qqq
N

N )()()( xxx ∑ Ψ≡≈  

0dτ)()(GWS α ≡Ψ= ∫Ω
NN q

e

Lx

refined Ωh solutions



Ωh

∂Ω

 
 
Engineering design problems: PDEs + physics  + BCs  
 

    unknown cal led  s tate  variable  ≡  q (x ,  t )  
 
    so lut ion  i s  d is t r ibut ion of  q  on  (x ,  t  > t 0  )  
   analyt ical ly  in tract ib le ! 
Computer simulation  ⇒  seek an approximate  so lu t ion 

 

 f in i te  dif ference -  h is tor ical ,  archaic 
        f in i te  e lement  analysis   
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optimal 
encompassing 
real world problems

SU.3(PS.12) Computational Simulation



SU.4(HC.14) Error Estimation, Energy Norm 
        
 

Im proved error estim ate uses entire solution  via  a  “norm ” 
 
 
 
 
 

U niform  m esh refinem ent study  
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SU.5(HT1.12) DE GWSh Summary, n = 1

Given DE + BC problem statement on n = 1

Ω∂=ℜ⊂Ω= onqonq 0)(,0)( 1L

FE weak statement recipe
approximation: )()()()( xTxTxTxT ee

hN ∪=≡≈

FE basis: ( ) { } { }e
T

ke QNxT )ζ(=

error extremization: ( ) { } ee
hNN xTx WS}{SGWS0d)(GWS β =⇒≡Ψ= ∫Ω L

matrix statement: ( ){ } { }eeeee Q )data(b]BCs[]DIFF[{WS} −+=

error estimation: ),1min(γ,dataC 2
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FE template pseudo-code
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SU.6(HTn.8) Summary, n-D GWSh Essence for DE

     
FE discrete implementation GWSh  for steady DE  

 
 
 
 
 

analogous ⇒  t ransformation methods  for  l inear  PDEs 
 

so lut ion h    ⇒  parametr ic  funct ion of  Re,  Gr ,  Pr ,  Nu and data  
 

 e r ror h   ⇒  control lable  via  Ω h  and {Nk (ζ ,η )}  select ions  
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“recipe” ⇒  analyt ical   t ransformation of  PDE plus  BCs 
                    to  a lgebraic  (computable)  form      



SU.7(SM1.6) E-B, T Beams, GWSh Accuracy/Convergence

ω(x)

GUI creates Matlab script for either theory  
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P

accuracy/convergence experiments

Convergence plot for a uniformly 
distributed load
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Convergence plot for a point load at the 
center
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Convergence plot for a distributed and a 
point load
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theory: 



SU.8(SMn.10) Plane Stress: Plate with a Hole

 
GWSh  for DP and/or DE  extremum, plane stress,  n  = 2  
     
 
  

 
 
 

 
 
        
 
 
 
 
 
  
 

{ })ρ,,,τ,ε()]υ,(Matrix[ 00 gPTRE =
⎭
⎬
⎫

⎩
⎨
⎧
V
U

       geometry: plate with hole in tension 
               data: L, D, T, BCs 
         solution: uh (x, y), vh (x, y) 
interpretation: von Mises stress concentration

Computer lab design study 

meshing, Ωh

x  displacement, uh y  displacement, vh von Mises stress



 
 
        
   
 
 
 
                                                                  
 
 
 
 
  

Transverse vibrations of a plate 
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normal mode solution tiety ω)(Q),( xx =

GWSh for eigenmodes [ ] }0{}{]MASS[ω]STIFF[ 2 =− Q

homogeneous BCs det([MASS]-1 [STIFF] - ωi
2[I]) = {0}

GWSh normal mode solutions, ωi
h = 45, 71, 99  for i = 7, 12, 19

 y(xb, t) = 0

SU.9(MVn.11) Mechanical Vibrations Normal Modes



SU.10(FM.1) Fluid Mechanics, Simplified Analyses
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C o n s e r v a t i o n  p r i n c i p l e s ,  E u l e r i a n  v i e w p o i n t                             
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Control volume, uni-directional flow
  dQ  

Uout 

Uin
  CV 

CS 

DM , DE  ⇒  algebraic equations 
  physics  ⇒  heat added, work done
     DP     ⇒  reaction force T 

    data: velocity in, heat added, fluid properties 
 output: velocity out, work done, reaction force 
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F a r f i e l d ,  s u b s o n i c - t r a n s o n i c  p o t e n t i a l  f l o w  a s s u m p t i o n  
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N earfield , boundary layers w ash aerosurfaces

D M : 

D E : 2/ρ)( δ φ∇⋅φ∇−= ∞pp x

viscous, turbulent effects dom inate

0=⋅∇ u

D P : Tuu ∇+∇
−

=∇⋅ p
0ρ
1

in the region yb (x) ≤  y (x) ≤  δ  (x)

δ  (x) ≡  boundary layer thickness 
     T  =  viscous + turbulent effects 

x 

  y

δ(x)

  yb 

SU.11(FM.8) Aerodynamics, Weak Interaction



 
 
 
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

                                    
 
 

For n = 2:        kuku ˆωˆψ ⋅×∇≡×∇= and  

DM: yidenticall0ˆψ =×∇⋅∇=⋅∇ ku  
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kinematics: ψˆˆψˆω 2−∇=⋅×∇×∇=⋅×∇= kkku

Steady-state N-S PDEs + BCs:
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SU.12(FM.18) Streamfuction-Vorticity Navier-Stokes



SU.13(ST1.1) Unsteady Scalar Transport 
 
 
 Eulerian non-D description for scalar transport 
 
 
   
 
  
   
 
 
   
 
 
   
 
 
 

Definitions for (x, t),  Pa, Pb, Pa t  depend on application 
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SU.14(STn.13) Unsteady n – D Scalar Transport

 
     Essential  ingredients of GWSh  (mDE) + θTS  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

     Template  pseudo-code converts  theory ⇒  pract ice  
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