
Abstract

Traditionally� �nite element methods generate progressively higher order accurate

solutions by use of higher degree trial space bases for the weak statement construc�

tion� This invariably yields matrix equations of greater bandwidth thus increasing

implementational and computational costs�

A new approach to designing high order � de�ned here to exceed third � accurate

methods has been developed and tested� The systematic construction of progressively

higher order spatial approximations is achieved via a modi�ed equation analysis�

which allows one to clearly identify correction terms appropriate for a desired accuracy

order� The resulting perturbed PDE is shown to be consistent with the Taylor Weak

Statement formulation� It con�rms the expected high order of spatial accuracy in

TWS constructions and provides a highly e�cient dispersion error control mechanism

whose application is based on the speci�cs of the solution domain discretization and

physics of the problem� A distinguishing desirable property of the developed method

is solution matrix bandwidth containment� i�e� bandwidth always remains equal to

that of the linear basis �second order� discretization� This permits combining the

computational e�ciency of the lower order methods with superior accuracy inherent

in higher order approximations�

Numerical simulations compare performance of the developed method to that of

the GWS and TWS formulations� Uniform mesh re�nement convergence results con�

	



�rm the order of truncation error for each method� High order formulation is shown

to require signi�cantly fewer nodes to accurately resolve solution gradients for con�

vection dominated problems� Benchmark problem applications for the compressible

Euler and incompressible Navier�Stokes equations complete the manuscript� In both

cases the developed high order formulation is shown to result in more accurate solu�

tions on coarser discretizations� thus preserving the design trends illustrated for the

model advection�di
usion equation�
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Chapter �

Introduction�

���� Finite di
erences approach�

High order methods can generate highly accurate results for problems with smooth

data� hence solutions for which the physical domain is smoothly mapped onto the

computational space� Invariably� this is accomplished by increasing the width of the

computational stencil� which yields matrix equations of greater bandwidth� This

increases the implementational cost� but by lowering the truncation error can reduce

the number of nodes needed to obtain a given accuracy numerical solution�

Finite di
erence methods treat partial derivative entries of a given PDE separately�

The value of each derivative at a generic computational node is approximated by a

linear combination of function values at the adjacent nodes� Consequently� coe�cients

of this combination are derived by matching Taylor series coe�cients� For example�

in one dimension

�q�x�

�x
� a�Qj�� � a�Qj � a�Qj��

��q�x�

�x�
� a�Qj�� � a�Qj � a�Qj��

�	�	�

and coe�cients ai can be shown to be

	




a� � � 	

�h
� a� � �� a� �

	

�h
�

a� �
	

h�
� a� � � �

h�
� a� �

	

h�

�	���

Wider computational stencil therefore permits higher order accuracy by introduc�

ing more unknowns into the approximation expression� as in Thomas �	����

a�Qj�� � a�Qj�� � a�Qj � a�Qj�� � a�Qj�� � � �	�
�

Generalization of this approach is provided by Pade or compact �nite di
erence

schemes �Kopal� 	��	� Lomax� 	����

Alternatively� a higher order approximation for select elliptic problem statements

can be achieved using Hermitian type discretization methods �Collatz� 	���� without

adding additional pivotal points� In this case� nodal values of high order derivatives

are used to introduce more coe�cients in the stencil expressions as

a�Qj�� � a�Qj � a�Qj�� � a�Q
��

j�� � a�Q
��

j � a�Q
��

j�� � � �	���

Once stencil coe�cients are determined by Taylor series analysis� solution matrix

bandwidth expansion is contained by expressing high order derivatives via nodal

function values� Unless this transition can be provided by the partial di
erential

equation itself� solution matrix bandwidth must be expanded to accommodate the

extra unknowns resulting from introducing nodal values of high order derivatives into

	�



the stencil expression� Here� high order approximation again comes at a computa�

tional price of solving matrix equation of greater bandwidth� In particular� this is

clearly the case when considering the advection�di
usion equation� It does not pro�

vide a required dependence between derivatives and corresponding function values�

rendering Hermitian methods ine
ective in reducing computational costs�

Approximation can be further optimized by introducing additional theoretical

considerations� suitable for a particular physical problem� Optimized compact �nite

di
erence schemes �Tam and Webb� 	��
� Kim and Lee� 	���� Visbal and Gaitonde�

	���� utilize Fourier analysis to achieve maximum resolution by minimizing dispersive

�phase� errors in the di
erencing approximation� Resolution of abrupt boundary

layers in convection dominated problems and shock�like discontinuities caused by

local non�linearities can be enhanced by promoting the scheme�s �monotonicity��

Thus the analysis of a normalized�variable diagram leads to the restrictions being

placed on time�averaged normalized face values of the solution resulting in the ULTI�

MATE strategy �Leonard� 	��	� for correcting the numerical solution� which can be

applied for arbitrary high order schemes� Similarly� comparison of relevant divided

di
erences to select the locally smoothest stencil� used on the reconstruction stage

of the interpolation procedure described by Shu �	���� for ENO and WENO type

schemes� yields highly accurate solutions�

	�



���� Finite element approach�

Finite element methods proceed in a somewhat di
erent manner� The cornerstone

of the theoretical development is the �weak form� formulation �Baker� 	��
� requiring

the measure of the error in the approximate solution to vanish in an integrated sense�

Introduction of the solution domain discretization further replaces the continuous

solution approximation with its appropriate piecewise�continuous form� resulting in

generation of the �weak statement� extremum� leading to a precise derivation of the

computational stencil expression upon speci�cation of suitable test and trial basis

function sets� Higher order of approximation is achieved by general or local embedding

of higher degree interpolants �p�re�nement� �Baker� 	��
� Oden� 	����� Method

performance can be enhanced by optimizing test and trial basis function sets leading

to various Petrov�Galerkin approximations �Brooks and Hughes� 	���� Cha�n and

Baker� 	�����

Optimal h�p �nite element methods �Oden� 	���� use bilinear form symmetriza�

tion to derive problem speci�c test and trial functions� The existence of an accurate

�ne mesh solution to a given problem is assumed� and the corresponding optimal

test and trial functions are designed to match this solution at the nodes of a signif�

icantly coarser grid� This leads to the �extrasuperconvergence� result which allows

for an a posteriori error estimate on each of the �nite elements of the solution domain

discretization yielding an adaptive mesh re�nement strategy�

	�



Early Petrov�Galerkin methods �Heinrich et�al�� 	���� Christie and Mitchell� 	����

introduced excessive amounts of di
usion into the numerical solution and SUPG

methods �Brooks and Highes� 	���� were designed to counter this problem� Extension

of the Lax�Wendro
 method �Lax and Wendro
� 	����� which uses the governing

equation to cancel error terms in time and space to a �nite element formulation� lead

to development of the Taylor�Galerkin method of Donea �	����� which was generalized

as the Taylor weak statement �TWS� by Baker and Kim �	����� Detailed investigation

of the TWS method performance for various multi�dimensional problems can be found

in Cha�n and Baker �	���� and Cha�n �	�����

Matrix�static condensation techniques� unique for �nite element formulations�

provide another powerful tool for method optimization� The SGM method of Roy

and Baker �	���� 	����� and Galerkin methods with bubble functions �Baiocchi and

Brezzi� 	��
�� successfully use this approach to promote solution stability and mono�

tonicity� Finite element methods speci�cly designed for shock�capturing were shown

to signi�cantly improve the method ability to resolve sharp solution discontinuities�

Examples include discontinuous Galerkin methods �Hu and Shu� 	���� and a non�

linear element�upstream weak statement �NEWS� algorithm �Iannelli� 	���� 	�����

that achieve accurate monotone solutions for various conservation law system forms�

	�



���� This dissertation�

Overall� upon discretization of the solution domain� virtually all high order meth�

ods result in matrix equations with larger bandwidth thus increasing the computa�

tional cost� Such wider stencils cannot be implemented at the boundaries� leading

to a local loss of accuracy� especially in multi�dimensional cases� hence requiring ad�

ditional theoretical consideration� Grid generation around complex geometries also

becomes extremely complicated� since a smooth grid is dictated by the design of high

order methods�

In this dissertation a method resolving this dilemma is developed and tested� The

theory provides high order accurate solutions at no added computational cost� by

retaining the solution matrix bandwidth of the second order methods� This is po�

tentially of signi�cance� in simplifying multi�dimensional grid generation procedures

necessary for the implementation of high order methods� This development utilizes

the ideas of �modi�ed� partial di
erential equation analysis of Warming and Hyett

�	���� �see also Shokin �	��
�� to derive the problem�speci�c computational stencil

coe�cients appropriate for the desired order of accuracy� This allows for avoiding

implementational di�culties encountered by Hermitian type methods�

The systematic construction of progressively higher order spatial approximations

is achieved via a modi�ed equation analysis� which allows one to clearly identify cor�

rection terms appropriate for a desired accuracy order� The resulting perturbed PDE

	�



is shown to be consistent with the Taylor Weak Statement formulation� It con�rms

the expected high order of spatial accuracy in TWS constructions and provides a

highly e�cient dispersion error control mechanism whose application is based on the

speci�cs of the solution domain discretization and physics of the problem�

Benchmark problem applications for non�linear Euler and Navier�Stokes equa�

tions document the performance of the disturbed equation methods developed in this

research�
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Chapter �

Weak statement formulation�

���� Error minimization via a weak statment�

Consider the linear scalar multi�dimensional advection�di
usion equation with the

corresponding Dirichlet and Neumann boundary conditions

L�q�x� t�� �
�q�x� t�

�t
� u�x� � rq�x� t�

� �r � rq�x� t� � � in � � Rn � R�

���	�

q � qb on ��� �����

�q

�n
� g�x� on ���� ��� � ��� � �� ���
�

where viscosity �� velocity u�x�� and boundary data g�x�� qb are given�

Since in general the approximate solution qN�x� t� will not coincide with the exact

solution q�x� t�� one can express the associated error in the numerical solution as

eN �x� t� � q�x� t�� qN �x� t� �����

One possible measure of the size of eN �x� t� can be obtained by substituting �����

into ���	�� which yields the following di
erential equation for the error

L�eN�x� t�� � L�q�x� t��� L�qN �x� t�� � �L�qN �x� t�� �����

��



The weak form construction requires the measure of the approximation error�

which from the above equation is L�qN �x� t��� to vanish in an overall integrated sense�

resulting in

WF �L�qN�x� t��� �

Z
�

��x�L�qN�x� t��d� � � �����

Here ��x� � H � ��� is an arbitrary non�zero test function� Substituting ���	� into

����� and applying the Green�Gauss theorem yields

WF �L�qN�x� t��� �

Z
�

�
��x�

�
�qN �x� t�

�t
� u�x� � rqN�x� t�

�
� �r��x� � rqN�x� t�

�
d�

�
Z
���

���x�
�qN�x� t�

�n
d��� � � ���x� � H����� ��x� � � � ���

�����

���� Solution domain discretization

The introduction of the solution domain discretization �h replaces the continu�

ous solution approximation qN�x� t� and test function ��x� with their appropriate

piecewise�continuous forms

q�x� t� � qN �x� t� �
NX

m	�

�m�x�Qm�t� � f��x�gfQ�t�g �����

��x� � �I �x� t� �
IX

p	�

�p�x�W �t�p � f��x�gfW �t�g �����

Here ��x�� ��x� � Vh � H � ��� are the test and trial functions with compact support�

fQ�t�g are the unknown nodal values of the approximate solution� and coe�cients

�	



fW �t�g are still absolutely arbitrary� Since ����� holds for any interpolation �I�x��

the extremum of ����� with respect to the arbitrariness� now only the coe�cients

fW �t�g� must vanish producing the weak statement �WS�� Substituting ����� and

����� into ����� yields

WSh�L�qN�x� t��� �

Z
�h

f��x�g
�
f��x�gT dfQ�t�g

dt
� u�x� � rf��x�gTfQ�t�g

�
d�

�

Z
�h

�rf��x�g � rf��x�gTfQ�t�gd��
Z
���

�f��x�gf��x�gTfGgd��� � �

���	��

where fGg are the nodal values of the bounday data�

���� Element assembly procedure�

The form of ���	�� as a matrix sum of integrals� allows for subdivision of the domain

�h of the integrals in ���	�� into N �nite elements �e� The integral entries in ���	��

may then be computed individually on each element and summed or �assembled� over

the domain� Because the compact interpolation ����� and ����� are at least piecewise�

continuous� only elements adjacent to a node are assembled into the equation for

that node� thus leading to the concept of the �nite element stencil� �nite element

counterpart of the �nite di
erence scheme�

The end point of the formulation involves evaluation of the integrals in ���	���

��



which in turn requires speci�cation of test and trial function sets� Denoting

�K�e �

Z
�e

�rf��x�g � rf��x�gTd�e ���		�

�M �e �

Z
�e

f��x�g � f��x�gTd�e ���	��

�U �e �

Z
�e

f��x�g � u�x�rf��x�gTd�e ���	
�

one obtains �	�� in the matrix form

WSh�L�qN�x� t� � Se

�
�M �e

dfQ�t�ge
dt

� �U � K �efQ�t�ge � fbge
�

� f�g ���	��

where Se denotes the assembly operator and fbge is the known boundary data� Per�

forming the assembly results in an ordinary di
erential equation system

�M �
dfQg
dt

� fRQg � � ���	��

where �M � is the assembly of the element matrices �M �e evaluated on each element

�e and fRQg is �nite element evaluation of all other terms including all boundary

conditions�

In advancing the solution over the time interval 	t � tn�� � tn� one can enjoy

the theoretical advancements made by the theory of ordinary di
erential equations�

while accounting for the additional details brought upon by a particular spatial dis�

cretization� For example� de�ning the variable�implicit family of single�step �Euler�

�




ODE algorithms via the introduction of the Taylor series expansion

fQ�tn���g � fQgn�� � fQng�	tdfQg
dt

jn�� �
	t�

�

d�fQg
dt�

jn�� � O�	t�� ���	��

For 	 � �� ���	�� is explicit and �rst order accurate� for 	 � 	� ���	�� is backwards

implicit and of the �rst order� while if 	 � ���� ���	�� produces the second order

accurate trapezoidal rule� For arbitrary 	 substituting ���	�� into ���	�� yields

fQgn�� � fQgn �	t�M ���fRQgn��

� 	t�
�

�M ����M ���
dfRQg
dt

jn�� � O�	tf
���
���	��

Neglecting dfRQg
dt at this point� multiplying through by �M � and collecting the

terms produces a potentially non�linear algebraic equation system

fFQg � �M �fQn�� �Qng�	tfRQgn�� � f�g ���	��

Equation ���	�� is the computable GWSh �nite element form� which in the linear

case can be solved directly to provide a numerical �nodal� solution to the original

equation� In the non�linear case one can proceed by employing a Newton iteration

algorithm as

�JAC�pf�Qgp�� � �fFQgp ���	��

fFQgp � �M �fQp
n�� �Qng�	tfRQgpn�� ������

�JAC�p �
�fFQgp
�fQgp � �M � � 		t�fRQg

p

�fQgp ����	�

��



fQgp��
n�� � fQgpn�� � f�Qgp�� � fQgn �

pX
i	�

f�Qgi�� ������

where p � �� 	� �� ��� is the integer index for iteration and n � 	 is the time station

where the nodal solution is sought� The iteration converges when maxjf�Qgp��j � ��

�Baker� 	����� where �� is the convergence requirement� Since the Newton Jacobian

�JAC� is non�singular� this occurs when maxjfFQgpj � �� where � is an acceptable

approximation to zero�

��	� Accuracy and asymptotic convergence�

For any �nite element approximate solution qh� the semi�discrete approximation error

is

eh�x� t� � q�x� t�� qh�x� t� ����
�

and since both q and qh are continuous� the error eh is also continuous� The er�

ror estimate employs resolution of eh�x� t� into spatial and temporal semi�discrete

components� Using functional notation for clarity �Baker� 	����


�j	x� n	t� � eh�j	x� t� � ��j	x� n	t� ������

where spatial semi�discretization error is

eh�j	x� t� � q�x� t�� qh�j	x� t� ������

��



while the temporal truncation error is

��j	x� n	t� � qh�j	x� t��Qj�n	t� ������

and the fully discrete error is given by


�j	x� n	t� � q�x� t��Qj�n	t� ������

For any choice of norm the triangle identity results in

k
k � keh � �k 
 kehk� k�k ������

It can be shown �Oden and Reddy� 	���� that for u � � in ���	� and for the Euler

explicit time integration 	 � � the �nite element semi�discrete approximation error

measured in H� Sobolev norm satis�es

keh�t�kH�
�� 
 C�h
kkq�t�kHk��
�� � C�	tkq�t��kH�
�� ������

Here� h is the measure of the mesh size� 	t is the time step� C� and C� are constants

independent of h and k is the polynomial degree of the selected �nite element basis�

In the case where u � � and � � � this estimate is recast as

keh�t�kH�
�� 
 C�h
k��kq�t�kHk��
�� � C�	tkq�t��kH�
��

� C�h

Z t

t�

kq���kHk��
��d�

���
��

This estimate states that the �nite element semi�discrete error will proceed to

zero in H� as the measure of the mesh independent of the polynomial degree k of the

selected basis�

��



This theoretical prediction can be compared with an �nite di
erence order of

accuracy estimate by expressing it in the energy semi�norm as

keh�t�kE
�� 
 C�
�h

�k�ksk�Hk��
�� � kpk�Hk��
���� � C�
�	tf
��kq�t��k�H�
�� ���
	�

stating that an fNkg �nite element basis algorithm is �k order accurate in space and

�rst� or second�order accurate in time dependent on 	�

��



Chapter �

Undetermined coe�cients approach�

��� High order formulation� Theoretical approach

We �rst consider a one�dimensional steady�state case� for a constant velocity

u�x��u and Dirichlet boundary conditions� Equations ���	�����������
� are rewrit�

ten as

L�q�x�� � �
d�q�x�

dx�
� u

dq�x�

dx
� � in x � ��� 	� �
�	�

q��� � � q�	� � 	 on �� �
���

Note� the original PDE ���	� reduces to an ordinary di
erential equation in this case�

The exact solution in the case u � 	 is given by

q�x� �
	� e

x
�

	� e
�

�

�
�
�

and its behavior for various values of � is well known �see for example Fletcher� 	��	�

Roy and Baker� 	����� For su�ciently small values of �� the solution remains constant

over nearly all of the solution domain� while forming a �boundary� layer in a thin

region of the domain� whose thickness is dictated by the boundary conditions and

the value of viscosity parameter �� In general� a very �ne mesh is required to ade�

quately resolve the �boundary� layer on a uniform mesh� while coarse �uniform� mesh

solutions produce spurious �	x oscillations signaling the discretization�s inability to

��



resolve this layer� Alternatively� a non�uniform mesh can be used for obtaining an

acceptable solution� Unfortunately� the layer location must be known in this case�

For a given one�dimensional problem �
�	���
���� the discrete weak statement for�

mulation becomes

WSh � Se��U � K�efQge� � Se��A�h� ���efQge� � f�g �
���

For an arbitrary two�node �nite element trial and test function sets f��x�g� f��x�g

one can evaluate the element matrix �A�e as a function of the element length h and

given data� A fully discrete equivalent of �
���� obtained by assembling the element

matrix �A�e on two adjacent elements and presented in a �nite element stencil form

becomes

a�Qj�� � a�Qj � a�Qj�� � � �
���

Here ai� i � 	� �� 
 are the coe�cients dependent on a speci�c choice of �nite element

trial and test functions� and Qj��� Qj� Qj�� are the unknown nodal values of the

approximate solution�

Assuming a uniform mesh with 	x � h� which is su�ciently small� and writing a

Taylor series expansion at node j yields

�a� � a� � a��Qj � h�a� � a��Q
�

j �
h�

�
�a� � a��Q

��

j �
�X

n	���

�a� � a��
hn

n 
Q


n�
j

�
�X

n	���

�a� � a��
hn

n 
Q


n�
j � �

�
���

��



Since in the end one desires to approximate equation �
�	�� the general idea behind

all types of consistency� convergence� order of the method and accuracy estimates is

for ai in �
��� to satisfy the following equations

a� � a� � a� � �

a� � a� �
u

h
�
���

a� � a� � ���

h�

As an example� solution of system �
��� for the coe�cients ai gives Galerkin lin�

ear basis coe�cients that are consistent with a centered three�node �nite di
erence

approximation� and clearly yields a second order method� If a higher order approx�

imation is desired� �nite di
erence method proceeds by increasing the width of the

stencil to the form

a�Qj�� � a�Qj�� � a�Qj � a�Qj�� � a�Qj�� � � �
���

This introduces more coe�cients and allows for solving more equations in �
���� thus

increasing the order of the method�

Alternatively� higher order approximation can be obtained by considering the

following stencil �Collatz� 	�����

a�Qj�� � a�Qj � a�Qj�� � a�Q
��

j�� � a�Q
��

j � a�Q
��

j�� � � �
���


�



Here� more coe�cients are introduced not by expanding the stencil� but by utilizing

nodal values of high order derivatives themselves� In order to reduce �
��� to a

computable form� partial di
erential equation itself must be used to express high order

derivatives through nodal values of the numerical solution� Clearly� this is impossible

in a case of advection�di
usion equation� since it does not provide a relationship

between Q
��

i and nodal values of solution vector fQg�

Finite element methods proceed by embedding higher degree basis functions� thus

also introducing more coe�cients� and allowing for solving more equations in �
����

Thus� most approaches produce higher order methods at the price of solving a ma�

trix statement with larger bandwidth� At the same time� FD wider stencils cannot

be implemented at the boundaries� leading to a local loss of accuracy� especially in

multi�dimensional cases� and requiring additional theoretical consideration as well as

programming e
ort�

While Hermitian type methods provide a theoretical alternative to computational

stencil expansion� their implementation for di
erent equation types is problematic�

We use the idea of �modi�ed� partial di
erential equation analysis of Warming and

Hyett �	���� to develop a method which resolves this dilemma� and provides high

order accurate solutions at no added computational cost� by retaining the solution

matrix bandwidth of the second order methods� Towards this end� equation �
��� is


	



replaced with

a� � a� � a� � �

a� � a� �
u

h
�
�	��

a� � a� � ���

h�
� �B

where B is a free parameter to be determined� Equation �
��� therefore becomes

uQ
�

j � �Q
��

j � Bh�Q
��

j �
�X

n	���

uhn��

n 
Q
n�

j

�
�X

n	���

��hn��

n 
Q


n�
j �

�X
n	���

�Bhn

n 
Q


n�
j � �

�
�		�

Retaining only the terms of the order � and h� one obtains

uQ
�

j � �Q
��

j � h�
h
BQ

��

j �
u

�
Q

���

j �
�

	�
Q

����

j

i
� H�O�T� � � �
�	��

Equation �
�	�� represents an �in�nite� order partial di
erential equation satis�ed

by the nodal numerical solution fQg �Warming and Hyett� 	���� Thomas� 	����� We

therefore can di
erentiate it repeatedly with respect to x � thus expressing higher

order derivatives present in �
�	��� and then attempt to select parameter B which

would �zero out� the term at h� in the �modi�ed� equation �
�	�� leading to a higher

order approximation of the equation to be solved�

Di
erentiating �
�	�� with respect to x yields

Q
��

j �
�

u
Q

���

j � h�
�
B

u
Q

���

j �
	

�
Q

����

j � �

	�u
Q

�����

j

�
� H�O�T� �
�	
�


�



and substituting back into �
�	�� one obtains

uQ
�

j � �Q
��

j � h�
��

B�

u
�
u

�

�
Q

���

j �
�

	�
Q

����

j

�

� h�
�
B�

u
Q

���

j �
B

�
Q

����

j � B�

	�u
Q

�����

j

�
� H�O�T� � �

�
�	��

Since the goal at this point is to eliminate the term at h� in �
�	��� one can neglect

the contribution produced by the h� term resulting from di
erentiating in �
�	�� and

further concentrate only on the h� term in �
�	��� Again� di
erentiating �
�	�� twice

with respect to x� and remembering to neglect all terms of the order h� that result

from di
erentiation� leads to

Q
���

j �
�

u
Q

����

j � H�O�T� �
�	��

and substituting into �
�	��

uQ
�

j � �Q
��

j � h��Q
����

j

�
B�

u�
�

	

	�

�
� H�O�T� � � �
�	��

It is interesting to note that neglecting higher order terms in �
�	�� signi�cantly

simpli�es the task at hand� since we need only be concerned with the form of the actual

equation �
�	� itself in �nding expressions for higher order derivatives� as illustrated

in �
�	���

It is clear now that setting

B � � u�

	��
�
�	��







in �
�	�� results in a fourth order accurate method� One can now solve �
�	�� for the

computational stencil coe�cients

a� � ��h�u � 	��� � u�h�

	�h��
� a� �

	��� � u�h�

�h��

a� �
�h�u� 	��� � u�h�

	�h��

�
�	��

Of course� unlike conventional high order methods of the form �
���� the width of the

computational stencil in this case remains unchanged inducing no additional compu�

tational cost�

To obtain a sixth order accurate method� consider the following system

a� � a� � a� � �

a� � a� �
u

h
�
�	��

a� � a� � ���

h�
� �B � �Ah�

where A and B are free coe�cients to be determined� �
��� now becomes

uQ
�

j � �Q
��

j � Bh�Q
��

j � Ah�Q
��

j �
�X

n	���

uhn��

n 
Q


n�
j �

�X
n	���

��hn��

n 
Q


n�
j

�
�X

n	���

�Bhn

n 
Q


n�
j � �

�X
n	���

�Ahn��

n 
Q


n�
j � �

�
����

and retaining only the terms of the order 	� h�� h�

uQ
�

j � �Q
��

j � h�
h
BQ

��

j �
u

�
Q

���

j �
�

	�
Q

����

j

i

� h�
�
AQ

��

j �
u

	��
Q


v�
j � �


��
Q


vi�
j �

B

	�
Q


iv�
j

�
� H�O�T� � �

�
��	�


�



Even though this expression appears to require greater e
ort when determining

free parameters� it can be greatly simpli�ed by the fact that the terms of the order

h� in both �
�	�� and �
��	� are exactly the same� as dictated by the selection of the

order of the new free parameter A in �
�	��� Therefore setting B as in �
�	�� yields

uQ
�

j � �Q
��

j � h�
�
AQ

��

j �
u�

	���
Q


iv�
j �

u

	��
Q


v�
j � �


��
Q


vi�
j

�
� H�O�T� � � �
����

Di
erentiating �
��	� repeatedly with respect to x and substituting into �
����

yields

uQ
�

j � �Q
��

j � h��Q
vi�
j

�
A��

u�
� 	

���

�
� H�O�T� � � �
��
�

Setting

A �
u�

�����
�
����

results in a sixth order method� Solving �
�	�� for the computational stencil coe��

cients one obtains

a� �
�
��hu�� � ����� � ��u�h���u�h�

���h���

a� �
����� � ��u�h��� � u�h�


��h���
�
����

a� �

��hu�� � ����� � ��u�h��� � u�h�

���h���

Again� bandwidth of the solution matrix remains unchanged as compared to that

of any two�node �nite element basis� while the order of the method increases� This

procedure can be repeated as many times as desired�


�



��� One�dimensional unsteady case

The unsteady advection�di
usion equation ���	� written for constant velocity

u�x� � u becomes�

�q�x� t�

�t
� u

�q�x� t�

�x
� �

��q�x� t�

�x�
� � �
����

One known analytical solution to �
���� is

q�x� t� �
e
x
�

�

�
	� erf

�r
	

�t

�
x � t

�

��	
�

�
	� erf

�r
	

�t

�
x� t

�

��	
�
����

The discrete weak statement formulation written in matrix notation remains

���	��� For an arbitrary two�node �nite element trial and test function set� evalu�

ating the matrix entries in ���	�� and assembling on two adjacent elements leads to

the following semi�discrete equivalent

a�Qt�j�� � a�Qt�j � a�Qt�j�� � a�Qj�� � a�Qj � a�Qj�� � � �
����

Here again� the ai are stencil coe�cients dependent on a speci�c choice of �nite

element trial and test basis functions in ���	��� Qt denotes the time derivative� and

Qj��� Qj� Qj�� are the unknown nodal values of the numerical solution� The time

integration algorithm remains completely arbitrary at this point� to be speci�ed later�

Assuming the spatial discretization to be su�cient� and performing Taylor series


�



expansion of �
���� at node Qj yields

�a� � a� � a��Qt � h�a� � a��Qtx �
h�

�
�a� � a��Qtxx

��a� � a��
�X

n	���

hn

n 
Q


n�
t � ��a� � a��

�X
n	���

hn

n 
Q


n�
t � �a� � a� � a��Q

�h�a� � a��Qx �
h�

�
�a� � a��Qxx � �a� � a��

�X
n	���

hn

n 
Q
n�

��a� � a��
�X

n	���

hn

n 
Q
n�

�
����

where Q replaces Qj for clarity�

In order for �
���� to approximate the original equation �
����� the computational

coe�cients a�� a�� a� must satisfy

a� � a� � a� � �

a� � a� �
u

h
�
�
��

a� � a� � ���

h�

The requirement on coe�cients a�� a�� a� is less restrictive� since the only condition

from �
���� is

a� � a� � a� � 	 �
�
	�


�



The particular choice of the other two parameter combinations� generally results from

the speci�c �nite element trial and test basis functions� leading to a �rst or second

order of spatial approximation�

In concert with the ideas developed for the steady�state case� we propose placing

the following restrictions on the stencil coe�cients

a� � a� � a� � 	

a� � a� � Ch

a� � a� � �B �
�
��

a� � a� � a� � �

a� � a� �
u

h

a� � a� � ���

h�
� �A

Substituting into �
���� and retaining the terms of the order 	 and h� results in

Qt � uQx � �Qxx � h��CQtx � BQtxx � AQxx

�
u

�
Qxxx � �

	�
Qxxxx� � H�O�T� � �

�
�

�


�



Following developments of the previous sections� di
erentiate modi�ed equation

�
�

� with respect to x� and neglecting terms of the order h� resulting from this

di
erentiation� one obtains

Qxx �
�

u
Qxxx � 	

u
Qxt � H�O�T� �
�
��

which upon substitution reduces �
�

� to

Qt � uQx � �Qxx � h��Qtx�C � A

u
� � BQtxx

� Qxxx�
u

�
�
A�

u
�� �

	�
Qxxxx� � H�O�T� � �

�
�
��

Di
erentiating �
�

� twice with respect to x yields

Qxxx �
�

u
Qxxxx � 	

u
Qtxx � H�O�T� �
�
��

and thus �
�

� is reduced to

Qt � uQx � �Qxx � h��Qtx�C � A

u
� � Qtxx�B � 	

�
� A�

u�
�

� Qxxxx�
�

�
�
A��

u�
� �

	�
�� � H�O�T� � �

�
�
��

and selecting

A � � u�

	��
� B �

	

	�
� C � � u

	��
�
�
��

leads to a fourth order spatial discretization�

With the weight parameters at hand� one can substitute them back into �
�
�� to


�



derive expressions for coe�cients ai in �
���� as

a� �
��� hu

���
� a� �

�

�
� a� �

��� hu

���

a� � ��hu�� 	��� � h�u�

	�h��
� a� �

	��� � h�u�

�h��
�

a� �
�hu�� 	��� � h�u�

	�h��

�
�
��

Comparing �
�
�� to the condition �
�	��� developed for the steady�state one�

dimensional case� note that the weight coe�cient for the spatial derivative group

remains identical� with two additional parameters introduced in the unsteady case

to handle extra terms resulting from the presence of the time derivative in the semi�

discrete �nite element computational stencil �
����� In fact� the approximation of

the spatial derivatives group is absolutely unchanged for the high order formulation

extended to unsteady problems� since the coe�cients responsible for spatial discretiza�

tion are identical �compare �
�
�� to �
�	����

��� Two�dimensional steady�state case�

In two dimensions� the advection�di
usion equation �	� written for constant ve�

locity u�x� � ui� v j becomes

L�q�x� y�� � �
��q�x� y�

�x�
� �

��q�x� y�

�y�
� u

�q�x� y�

�x
� v

�q�x� y�

�y
� �

in x� y � ��� 	�� ��� 	�

�
����

��



The exact solution of �
���� on a unit square� comparable to the 	�D problem is

q�x� y� �

�
e
ux
� � 	

e
�

� � 	

��
e
vy

� � 	

e
�

� � 	

�
�
��	�

To simplify theoretical assessments for establishing methods convergence rate� con�

sider the boundary conditions

q�	� 	� � 	 q��� y� � q�x� �� � � �
����

q�x� 	� �
e
ux
� � 	

e
�

� � 	
q�	� y� �

e
vy

� � 	

e
�

� � 	
�
��
�

that correspond with the exact solution �
��	��

The discrete weak statement formulation remains �
���� where the element matrix

�A�e is now a function of the element dimensions 	x�	y� and given data� In accor�

dance with the Galerkin bilinear basis two�dimensional weak statement formulation

written on rectangular four�node element� a fully discrete equivalent of �
���� obtained

by assembling the element matrix on four adjacent elements sharing a common corner

node� leads to the general nine�node computational stencil

c�Qi���j�� � c�Qi�j�� � c�Qi���j�� � c�Qi���j � c�Qi�j

�c�Qi���j � c
Qi���j�� � c�Qi�j�� � c�Qi���j�� � �

�
����

Assuming a uniform square mesh with 	x � 	y � h� which is su�ciently small�

and writing a Taylor series expansion at node i�j yields

Q
�X

n	�

cn � hQx��c� � c� � c� � c� � c
 � c��

�	



�hQy��c� � c� � c� � c
 � c� � c��

�
h�

�
Qxx�c� � c� � c� � c� � c
 � c��

�
h�

�
Qyy�c� � c� � c� � c
 � c� � c��

�h�Qxy�c� � c� � c
 � c�� � �c� � c��
�X

n	���

hn

n 

�
�

�x
�

�

�y

�
n�

Q

��c� � c��
�X

n	���

hn

n 

�
�

�x
�

�

�y

�
n�

Q �
����

��c� � c
�
�X

n	���

hn

n 

�
�

�x
� �

�y

�
n�

Q

��c� � c
�
�X

n	���

hn

n 

�
�

�x
� �

�y

�
n�

Q � �c� � c��
�X

n	���

hn

n 

�
�

�y

�
n�

Q

��c� � c��
�X

n	���

hn

n 

�
�

�y

�
n�

Q � �c� � c��
�X

n	���

hn

n 

�
�

�x

�
n�

Q

��c� � c��
�X

n	���

hn

n 

�
�

�x

�
n�

Q � �

where Q replaces Qi�j for clarity� As with �
���� �
���� represents an in�nite order

partial di
erential equation satis�ed by the numerical solution�

��



In order for �
���� to approximate the original equation �
����� the minimum

requirement on the coe�cient set ci is

�X
n	�

cn � �

�c� � c� � c� � c� � c
 � c� �
u

h

�c� � c� � c� � c
 � c� � c� �
v

h

c� � c� � c� � c� � c
 � c� � ���

h�
�
����

c� � c� � c� � c
 � c� � c� � ���

h�

c� � c� � c
 � c� � �

Indeed� the Galerkin bilinear basis discretization satis�es the required conditions

�
����� which allows for uniquely de�ning six of the nine coe�cients� while the rest is

determined by the particulars of a given discretization approach� To develop a higher

order approximation� one proceeds in the manner of the one�dimensional case and

replaces �
���� with

�X
n	�

cn � �

�c� � c� � c� � c� � c
 � c� �
u

h

�




�c� � c� � c� � c
 � c� � c� �
v

h

c� � c� � c� � c� � c
 � c� � ���

h�
� �G

c� � c� � c� � c
 � c� � c� � ���

h�
� �A �
����

c� � c� � c
 � c� � B

c� � c� �
D

h

c� � c� �
H

h�

c� � c
 �
F

h

This results in nine equations for nine unknown coe�cients ci and A�B�D� F�G�H

are free parameters to be determined� The procedure is thus identical to the one�

dimensional case� Namely� one includes several free parameters into the stencil coe��

cient expressions� by conveniently loading them into the h� order term of the trunca�

tion error expansion �
����� while retaining the symmetric structure of the modi�ed

partial di
erential equation�

Substituting �
���� into �
���� and keeping the terms of the order 	 and h� yields

��



the following expression

uQx � vQy � �Qxx � �Qyy � h��BQxy � GQxx � AQyy

�
vQyyy

�
� �Qyyyy

	�
�
uQxxx

�
� �Qxxxx

	�
�
DQxxy

�
�
DQxyy

�

�
HQxxyy

�
� FQxxy

�
�
FQxyy

�
� � H�O�T� � �

�
����

Di
erentiating �
���� twice with respect to x� y and neglecting the terms of the

order h� resulting from di
erentiating and subsequent substitution into �
���� yields

uQxxx � vQxxy � �Qxxxx � �Qxxyy � H�O�T� �
����

uQxyy � vQyyy � �Qxxyy � �Qyyyy � H�O�T� �
����

or

��Qxxxx � �Qxxyy � Qyyyy� � uQxxx � uQxyy � vQxxy � vQyyy � H�O�T� �
��	�

Setting

H � ��



�
����

and substituting back into �
���� yields

uQx � vQy � �Qxx � �Qyy � h��BQxy � GQxx � AQyy

�
vQyyy

	�
�
uQxxx

	�
� Qxxy�

D

�
� F

�
� v

	�
�

�Qxxy�
D

�
�
F

�
� u

	�
�� � H�O�T� � �

�
��
�

��



Di
erentiating �
���� by x� y and neglecting the terms of the order h� leads to

Qxxx � Qxyy �
u

�
Qxx �

v

�
Qxy � H�O�T� �
����

Qxxy � Qyyy �
u

�
Qxy �

v

�
Qyy � H�O�T� �
����

Therefore� setting

F �
u� v

�
D �

u� v

�
�
����

reduces �
���� to

uQx � vQy � �Qxx � �Qyy

�h��Qxy�B �
uv

��
� � Qxx�G �

u�

	��
� � Qyy�A �

v�

	��
�� � H�O�T� � �

�
����

Setting

B � �uv
��

G � � u�

	��
A � � v�

	��
�
����

thus completes development of the fourth order method� with the computational

stencil coe�cients determined by substituting �
����
����
���� into �
���� and solving

for ci� For u �	 this leads to�

c� � �h � �

�h�
� c� � ��h� � ��� � h�

�h��
� c� �

���� � h�

	�h��

c� � ��h� � ��� � h�

�h��
� c� �

���� � 
h�

�h��
� c� �

���� � �h�� h�

�h��
�
����

��



c
 �
���� � h�

	�h��
� c� �

���� � �h�� h�

�h��
� c� �

h� �

�h�

It is important to note that the coe�cients of the �rst and second derivatives in

�
���� �compare to �
�	��� are exactly the same as in one�dimensional case� Exten�

sion of the method to two�dimensional problems thus requires addition of the weight

parameters on the cross�derivatives� which are of course absent in one�dimensional

considerations� This approach therefore provides desirable consistency and continu�

ity when applied to multi�dimensional problems� And indeed� the size of the com�

putational stencil remains equal to that of the second order Galerkin bilinear basis

approximation� hence requiring no additional e
ort as normally associated with nu�

merical implementation of higher order methods�

Extension to a sixth order accurate method is straightforward and follows the

procedure as outlined� �
���� is replaced by

�X
n	�

cn � �

�c� � c� � c� � c� � c
 � c� �
u

h

�c� � c� � c� � c
 � c� � c� �
v

h

c� � c� � c� � c� � c
 � c� � ���

h�
� �G� �G�h

�

c� � c� � c� � c
 � c� � c� � ���

h�
� �A � �A�h

� �
����

��



c� � c� � c
 � c� � B � B�h
�

c� � c� �
D

h
� D�h

c� � c� �
H

h�
� H�

c� � c
 �
F

h
� F�h

where A�A�� B� B�� D�D�� F� F�� G�G�� H�H� are now free coe�cients to be deter�

mined� Substituting �
���� into �
���� and retaining the terms of the order 	� h�� h�

leads to

uQx � vQy � �Qxx � �Qyy � h��BQxy � GQxx � AQyy

�
vQyyy

�
� �Qyyyy

	�
�
uQxxx

�
� �Qxxxx

	�
�
DQxxy

�
�
DQxyy

�

�
HQxxyy

�
� FQxxy

�
�
FQxyy

�
� � h��G�Qxx � A�Qyy � B�Qxy

�
D

	��

�
�

�x
�

�

�y

��

Q �
D�

�

�
�

�x
�

�

�y

��

Q

�
H

���

�
�

�x
�

�

�y

��

Q �
H�

��

�
�

�x
�

�

�y

��

Q �
F

	��

�
�

�x
� �

�y

��

Q �
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�
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�

�
�

�x
� �

�y

��

Q �
H

���

�
�

�x
� �

�y

��

Q �
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��

�
�

�x
� �

�y

��
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�
F �D � v

	��

�
�

�y

��

Q �
F� �D�

�

�
�

�y

��

Q� H � �


��

�
�

�y

��

Q

�
B � �H� � �A

��

�
�

�y

��

Q �
u� F �D

	��

�
�

�x

��

Q� F� � D�

�

�
�

�x

��

Q

�H � �


��

�
�

�x

��

Q � �
B � �H� � �C

��

�
�

�x

��

Q� � H�O�T� � �

Comparing �
��	� to �
���� and noticing that h� order term is zero for parameters

A�B�D�G and H satisfying �
����
����
����� yields �
��	� in the form

uQx � vQy � �Qxx � �Qyy � h�

����
�����B��Qxy � ���uQxxxyy

�	��uQxyyyy � 	��vQxxxxy � ���vQxxyyy � 
��D��Qxxy � 
��D��Qxyy

�
��H��Qxxyy � 
��F��Qxxy � 
��F��Qxyy � ��uvQxxxy �
����

�
�uvQxxyy � ��uvQxyyy � ���G��Qxx � ���A��Qyy � �v�Qyyyyy

����Qyyyyyy � ���Qxxxxxx � 	���Qxxxxyy � 	���Qxxyyyy

��u�Qxxxxx � �v�Qyyyy � �u�Qxxxx� � H�O�T� � �

Performing di
erentiation in a manner similar to �
����
���� leads to the following

restrictions on the introduced coe�cients

A� �
v�

�����
� B� �

v�u� u�v

�����
�
uv k u k

�����
� G� �

u�

�����

��



D� � � 	

�����
���u�v � v� � �uv� � u�� �
��
�

F� � � 	

�����
���uv� � u� � �u�v � v��

H� � �uv
	�
� v�

��
� u�

��

Again� similarity between one and two�dimensional coe�cients is evident� compare

�
��
� to �
�����

The computational stencil coe�cient set ci is evaluated by substituting �
��
� into

�
���� and solving the resulting algebraic system to obtain� for u �	

c� � �h
� � 	��� � �h��� � 	�h��

��h���

c� �
�h� � 	��h�� � ����� � ��h��� � ��h��� � h�


��h���

c� � �	���� � ��h��� � ��h��� � h�

���h���

c� �
�h� � 	��h�� � ����� � ��h��� � ��h��� � h�


��h���

c� �
����� � 
�h��� � ��h��� � h�

	��h���
�
����

c� �
������ � ��h��� � �h� � 	��h�� � ��h��� � h�


��h���

c
 � �	���� � ��h��� � ��h��� � h�

���h���

��



c� �
������ � ��h��� � �h� � 	��h�� � ��h��� � h�


��h���

c� �
h� � 	��� � �h��� � 	�h��

��h��


�	



Chapter �

Perturbed PDE approach�

	�� One�dimensional steady�state formulation�

Model equation ���	� rewritten for the non�linear one�dimensional steady�state

case becomes

f�q� x�
dq�x�

dx
� ��x�

d�q

dx�
� � ���	�

Assuming the existence of appropriate boundary conditions� the discrete weak

statement formulation remains

WSh � Se��U � D�efQge� � Se��A�h� ���efQge� � f�g �����

A fully discrete equivalent of ������ obtained by assembling the element matrix

�A�e on two adjacent elements and presented in a pseudo��nite element stencil form

now is

fj �a�Qj�� � a�Qj � a�Qj���� �j �a�Qj�� � a�Qj � a�Qj��� � � ���
�

or

�fja� � �ja��Qj�� � �fja� � �ja��Qj � �fja� � �ja��Qj�� � � �����

Here ai are the coe�cients dependent on a speci�c choice of �nite element trial and

test functions� and Qj��� Qj� Qj�� are the unknown nodal values of the approximate

��



solution� A genuine �nite element formulation would require interpolation of functions

f�q� x� and ��x�� thus adding complexity to the stencil expression in ������ Without

the loss in generality� in the present analysis interpolated functional expressions are

replaced with their respective nodal values fj and �j�

Assuming a locally uniform mesh with 	x � h� which is su�ciently small� and

writing a Taylor series expansion at node j yields

fj��a� � a� � a��Q � �a� � a��hQx � �a� � a��
h�

�
Qxx

��a� � a��
�X

n	���

hn

n 
Q
n� � �a� � a��

�X
n	���

hn

n 
Q
n��� �j��a� � a� � a��Q �����

��a� � a��hQx � �a� � a��
h�

�
Qxx � �a� � a��

�X
n	���

hn

n 
Q
n�

��a� � a��
�X

n	���

hn

n 
Q
n�� � �

where Q replaces Qj for clarity�

Naturally� for ����� to approximate equation ���	�� ai in ����� must satisfy the

following conditions�

a� � a� � a� � �

a� � a� �
	

h
�����

�




a� � a� � �

and

a� � a� � a� � �

a� � a� � � �����

a� � a� �
�

h�

Coe�cient groups �a�� a�� a�� and �a�� a�� a�� are responsible for the second order

discretization of the �rst and second order derivatives respectively and conditions

��������� must be satis�ed independently of a particular approximation technique

selected to arrive at ������ Therefore�

�q�x�

�x
� a�Qj�� � a�Qj � a�Qj��

��q�x�

�x�
� a�Qj�� � a�Qj � a�Qj��

�����

and coe�cients ai are uniquely determined by solving ����� and �����

a� � � 	

�h
� a� � �� a� �

	

�h

a� �
	

h�
� a� � � �

h�
� a� �

	

h�

�����

Another approach providing higher order accurate solutions at no added compu�

tational cost by retaining the solution matrix bandwidth of the second order methods

is developed below�

��



For the computational stencil coe�cients ai satisfying ������ ����� becomes

fjQx � �jQxx � h�
�
fjQxxx

�
� �jQxxxx

	�

�
� H�O�T� � � ���	��

Rewriting ���	�� yields the convenient form

�Qxx � fQx � h�
�
fQxxx

�
� �Qxxxx

	�

�
� H�O�T� ���		�

where f and � replace fj and �j respectively�

Equation ���		� represents an �in�nite� order partial di
erential equation satis�ed

by the nodal numerical solution fQg �Warming and Hyett� 	���� Thomas� 	����� We

therefore can di
erentiate it repeatedly with respect to x � thus expressing higher

order derivatives present in ���		�� and then attempt to derive a second order PDE

�ODE in the one�dimensional steady�state case�� whose second order approximation

would result in a higher order approximation of the equation to be solved� Obtaining

this �perturbed� second order ODE is a key to this theoretical development� since

any second order ODE can be discretized on three nodes in the one�dimensional case�

Assuming for simplicity the viscosity parameter � is constant� di
erentiating ���		�

repeatedly with respect to x and neglecting high order terms leads to

�Qxxx � fxQx � fQxx �H�O�T� ���	��

�Qxxxx � fxxQx � fxQxx � fxQxx � fQxxx �H�O�T� ���	
�

��



Substituting ���	�� and ���	
� into ���	�� and neglecting the terms of the order

greater than �� one obtains

fQx � �Qxx � h�Qx

�
ffx
	��

� fxx
	�

�
� h�Qxx

�
f �

	��
� fx

�

�
� � ���	��

which represents the equation satis�ed by the nodal approximate solution Q including

the second order error terms resulting from the selected second order approximation�

Clearly� reversing the sign of the error terms in ���	�� yields the sought �perturbed�

PDE as

fqx � �qxx � h�qx

�
ffx
	��

� fxx
	�

�
� h�qxx

�
f �

	��
� fx

�

�
� � ���	��

In applications� viscosity parameter � is usually small� making it possible to neglect

the terms of the order unity as compared to those of the order 	
�� thus reducing

���	�� to

fqx � �qxx � h�qx
ffx
	��

� h�qxx
f �

	��
� � ���	��

and combining the terms� the perturbed ODE becomes

f
�q

�x
� �

��q

�x�
� h�

	��
f
�

�x

�
f
�q

�x

�
� � ���	��

Numerical solution of ���	�� obtained using the approximation consistent with

��������� will provide the fourth order accurate solution to the original equation ���	�

by eliminating the second order error terms in ������

��



Similar arguments yield the following sixth order perturbed ODE� illustrated for

the linear f�q� x� � u�x� case as

uqx � �qxx � h�qx

uux

	��
� uxx

	�

�
� h�qxx

�
u�

	��
� ux

�

�

� h�qx

�
uu�x

	����
� u�ux

�����
� uxxxx


��
� u�uxx

�����
�
uuxxx
	���

�

� h�qxx

�
u�xx
	���

� uxxx
��

�
uuxx
���

�
u�ux

����

� u�

�����

�
� �

���	��

It is important to note that the terms of the order h� remain unchanged from the

fourth order ODE� thus allowing for recursive development of higher order approxi�

mations�

First consider a one�dimensional steady�state case for a constant velocity u�x��ui

and Dirichlet boundary conditions� Equation ���	� is

L�q�x�� � �
d�q�x�

dx�
� u

dq�x�

dx
� � in x � ��� 	� ���	��

q��� � � q�	� � 	 on �� ������

The exact solution in the case u � 	 is given by �
�
�

Via the developed methodology� perturbed ODE ���	�� becomes

uQx � �Qxx �Qxx
h�u�

	��
� � ����	�

indicating that only the second order derivative perturbation term is required to

achieve a higher order numerical solution in this case�

��



The computational stencil expression ����� reduces to

u�a�Qj�� � a�Qj � a�Qj���� ��a�Qj�� � a�Qj � a�Qj���

� h�u�

	��
�a�Qj�� � a�Qj � a�Qj��� � �

������

where coe�cients ai are given in ������ Collecting the terms� the three node stencil is

�
��h�u � 	��� � h�u�

	��h�

�
Qj�� �

�
	��� � h�u�

��h�

�
Qj

�

�
�h�u� 	��� � h�u�

	��h�

�
Qj�� � �

����
�

With this linear case development now complete one can proceed to the non�linear

Burger�s equation case� f�x� q� � q�x�� The one�dimensional steady�state equation is

now of the form

L�q�x�� � �
d�q�x�

dx�
� q

dq�x�

dx
� � in x � ��� 	� ������

with boundary conditions

q��� � 	 q�	� � �	 ������

The perturbed ODE form remains ���	��� with f�x� q� replaced by q�x�� Replac�

ing continuous derivative expressions with their discrete counterparts via ������ the

��



computational stencil ����� takes the homogeneous form

Fj � Qj

�
�Qj��

�h
�
Qj��

�h

�
� �

�
Qj��

h�
� �Qj

h�
�
Qj��

h�

�

�h
�Qj

	��

�
�Qj��

�h
�
Qj��

�h

��

� h�Q�
j

	��

�
Qj��

h�
� �Qj

h�
�
Qj��

h�

�

�
h�

�

�
�Qj��

�h
�
Qj��

�h

��
Qj��

h�
� �Qj

h�
�
Qj��

h�

�
� �

������

The non�linear system of equations ������ is solved using Newton�s iterative pro�

cedure� with tridiagonal Jacobian matrix fJACj��� JACj� JACj��g evaluated from

������ as

JACj�� �
�Fj

�Qj��
�

� 	

���h�
��Qj�h � ���� � h�QjQj�� � h�QjQj�� � �Q�

jh
� � �Qj���h�

������

JACj �
�Fj

�Qj
�

� 	

���h�
�	�Qj���h� 	�Qj���h� ���� � h�Q�

j�� � �h�Qj��Qj��

� h�Q�
j�� � �h�QjQj�� � ��Q�

jh
� � �h�QjQj���

������

JACj�� �
�Fj

�Qj��

�

	

���h�
��Qj�h� ���� � h�QjQj�� � h�QjQj�� � �Q�

jh
� � �Qj���h�

������

��



For comparison� presented below are Jacobian matrix elements corresponding to

the second order approximation�

JACj�� � �Qj

�h
� �

h�
� JACj � �Qj��

�h
�

��

h�
�
Qj

�h
� JACj�� �

Qj

�h
� �

h�
���
��

	�� Non�uniform mesh implementation�

Theoretical analysis of the above sections assumes a uniform discretization of the

solution domain� thus imposing a rather serious restriction on the method�s practical

applicability� Herein� the theory is naturally extended to incorporate a non�uniform

mesh implementation� This development is shown to be greatly simpli�ed by the

method�s design goal of solution matrix bandwidth containment� Combination of a

uniform and non�uniform discretizations leads to the idea of a locally uniform mesh

which is more suited for �real life� problems�

One�dimensional model equation remains ���	�� Non�uniform discretization of

the solution domain is introduced via geometric progression expression of the form

�Baker� 	��	�

hi�� � phi ���
	�

where hi is the discretization size� and p is geometric progression ratio� Discretization

nodal coordinates are determined via �Baker� 	��	�

XRi�� � XRi �
Lpi��PM
j	� p

j��
���
��

��



Here XR is the nodal coordinate� L is one�dimensional length measure of the solution

domain� and M � 	 is the total number of discretization nodes�

Taylor series expansion at node j yields

fj��a� � a� � a��Q � �a�p� a��hQx � �a�p
� � a��

h�

�
Qxx

�
�X

n	���

hn

n 
Q
n��a�p

n � a�� �
�X

n	���

hn

n 
Q
n��a�p

n � a��� ���

�

��j��a� � a� � a��Q � �a�p� a��hQx � �a�p
� � a��

h�

�
Qxx�

�X
n	���

hn

n 
Q
n��a�p

n � a�� �
�X

n	���

hn

n 
Q
n��a�p

n � a��� � �

The approximation requirement ��������� is modi�ed to

a� � a� � a� � �

a�p� a� �
	

h
���
��

a�p
� � a� � �

and

a� � a� � a� � �

a�p� a� � � ���
��

�	



a�p
� � a� �

�

h�

uniquely providing coe�cients ai as

a� � � p

h�	 � p�
� a� �

p� 	

ph
� a� �

	

ph�	 � p�
�

a� �
�

h��	 � p�
� a� � � �

ph�
� a� �

�

ph��	 � p�

���
��

Substituting into ���

� and neglecting terms of the order greater than h� yields

Taylor series expansion in the form

fQx � �Qxx � ��p� 	�h



Qxxx �

fph�

�
Qxxx � H�O�T� � � ���
��

The lowest order truncation error term appearance indicates that any three�node dis�

cretization on a non�uniform mesh can at best achieve a �rst order approximation

of the original equation� In fact� unlike the uniform mesh case� where discretization

symmetry allows for elimination of the odd order error terms ������ here one must

deal with both odd and even order error terms in order to design higher order ap�

proximations� The only potential drawback resulting from switching to more realistic

non�uniform approximations is therefore the increased amount of algebraic calculation

required in evaluating correction terms providing higher order approximation� This

is a minor inconvenience� easily o
set by taking advantage of any symbolic manipu�

lation language �e�g� MAPLE or MATLAB�� Otherwise� all theoretical developments

of the previous sections remain valid on a non�uniform discretization�

��



Hence� proceeding along the basic steps outlined before one rewrites ���
�� in the

form

Qxx �
	

�
fQx � H�O�T� ���
��

and di
erentiating ���
�� by x obtains the following expression

Qxxx �
	

�
�fxQx � fQxx� ���
��

Substituting ���
�� into ���
�� yields the second order perturbed ODE in the form

fqx � �qxx �
�p� 	�h



�fxqx � fqxx� � � ������

which nicely reduces to the original ODE ���	� on a uniform mesh �p � 	��

The design of the third order method follows the well known route� Rewriting

������ as

�
f �

�p� 	�h



fx

�
qx �

�
�p� 	�h



f � �

�
qxx � � ����	�

one can now substitute partial derivative expressions from ����� and writing Taylor

series at node j obtain

�
f �

�p� 	�h



fx

��
Qx �

�X
n	���

hn

n 
�a�p

n � a�� �
�X

n	���

hn

n 
�a�p

n � a��

	

�
�

�p� 	�h



f � �

��
Qxx �

�X
n	���

hn

n 
�a�p

n � a�� �
�X

n	���

hn

n 
�a�p

n � a��

	
� �

������

�




Remembering ���
�� and retaining the terms of the order h� results in

�
f �

�p� 	�h



fx

��
Qx �

ph�

�

�

�
�

�p� 	�h



f � �

�
�Qxx �

�p� 	�h



Qxxx ����
�

�
�p� � p � 	�h�

	�
Qxxxx� � H�O�T� � �

Provided one began this process with the second order perturbed ODE ������ as

the starting point� one can immediately simplify the task at hand by noting that �rst

order terms in ����
� must cancel out reducing it to

fQx � �Qxx �
p�h�

�
Qxxx � ��p� � p � 	�h�

	�
Qxxxx

�
�p� 	��h�f

�
Qxxx � H�O�T� � �

������

Lowering the order of this equation from fourth to second� which is a focal point

in developing third order approximation� now requires evaluating fourth and third

order derivatives via their lower order counterparts� Di
erentiating ���
�� twice with

respect to x

Qxxxx �
	

�
�fxxQx � �fxQxx � fQxxx� ������

and recalling ���
�� one obtains ������ in the form

fQx � �Qxx � �p� � p � 	�h�

	�
fxxQx � �p� � p � 	�h�

�
fxQxx

�
�p� � p � 	�h�f


��
�fxQx � fQxx� � H�O�T� � �

������

��



Collecting the terms and reversing signs on the correction error entries yields the

third order perturbed PDE as

fqx � �qxx � qx

�
�p� � p � 	�h�fxx

	�
� �p� � p � 	�h�ffx


��

�

� qxx

�
�p� � p � 	�h�fx

�
� �p� � p � 	�h�f �


��

�
� �

������

Similarly to the uniform mesh development� order of magnitude and vector analyses

reduce ������ to

f
�q

�x
� �

��q

�x�
� h��p� � p � 	�


��
f
�

�x

�
f
�q

�x

�
� � ������

Again for p � 	 this equation reduces to the fourth order approximation ���	���

ensuring compatibility of the approach developed herein�

	�� Two�dimensional steady�state case�

Model equation �	� rewritten for the two�dimensional steady�state case� written

for velocity u�x�y� � u�x � y�i� v�x � y�j becomes

L�q�x� y�� � �
��q�x� y�

�x�
� �

��q�x� y�

�y�
� u�x� y�

�q�x� y�

�x
� v�x� y�

�q�x� y�

�y
� �

in x� y � ��� 	�� ��� 	�

������

In accordance with the Galerkin bilinear basis two�dimensional weak statement

formulation written on rectangular four�node element� a fully discrete equivalent of

������� obtained by assembling the element matrix on four adjacent elements sharing

��



a common corner node� leads to the general nine�node computational stencil

c�Qi���j�� � c�Qi�j�� � c�Qi���j�� � c�Qi���j � c�Qi�j

� c�Qi���j � c
Qi���j�� � c�Qi�j�� � c�Qi���j�� � �

������

As shown in the previous chapter� assuming a uniform square mesh with 	x �

	y � h� which is su�ciently small� and writing a Taylor series expansion at node i�j

yields �
���� with Q replacing Qi�j for clarity� Equation �
���� represents an in�nite

order partial di
erential equation satis�ed by the numerical solution� Retaining only

the terms of the order lower or equal than four yields

�c� � c� � c� � c� � c� � c� � c
 � c� � c��Q

�hQx��c� � c� � c� � c� � c
 � c��

�hQy��c	� c� � c� � c
 � c� � c��

�
h�

�
Qxx�c� � c� � c� � c� � c
 � c��

�
h�

�
Qyy�c� � c� � c� � c
 � c� � c��

�h�Qxy�c� � c� � c
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As shown in Chapter 
� the necessary symmetrization of the selected discretization
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In concert with the theoretical developments of the previous chapters one can now
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which after reversing the sign on the correction error terms yields the modi�ed fourth

order perturbed PDE in the form
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Again� note that for most applications the 	
� terms dominate the solution be�

havior� Hence� neglecting high order correction terms of the order of 	� the remaining

terms can be combined for perturbed PDE ������ to be conveniently recast in con�

tinuum vector�form
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As before� its discretization �consistent with ������� will yield a fourth order

method due to the developed cancellation of the correction error terms� The partial

derivatives of the order h� present in ������ can be discretized via any conventional

FD�FV�FE method� since the error terms in their respective approximate expressions

on a uniform mesh will be of the order h�� The following are used in this development
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Indeed� all approximations satisfy the matrix bandwidth restriction requirement

and some maybe easily recognized as their one�dimensional counterparts� While the

approximation selection in ����	������ does not compromise the fourth order accuracy

of the method� the algorithm performance can be further optimized by customizing

these discrete expressions�

	�	 �D steady�state veri�cation problems

The �rst problem under consideration is a linear advection�di
usion equation with

constant coe�cients u � v � const� The modi�ed PDE ������ reduces to
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and using discrete approximations in ������� ����	������ one obtains the coe�cients
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It is important to note that the stencil coe�cients in ������ are not the same as

those obtained for the same equation using the undetermined coe�cients method of

the previous section� This proves that these two theoretical approaches for implement�

ing high order methods are indeed di
erent and their respective future development

can proceed in distinct directions�
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Discretizing ������ via ������� ����	������ one can calculate the Newton algorithm

jacobian expressions for the fourth order method as
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	�� Unsteady two�dimensional formulation�

The unsteady advection�di
usion equation �	� in two dimensions is
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Following the theoretical development of Lax and Wendro
 �	���� outlined in

detail by Cha�n �	����� two forward Taylor series� for a full timestep 	t and for a

partial timestep �	� ��	t
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and two corresponding backward series
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are used in designing the temporal discretization�

A linear combination of the four series is then taken to eliminate third order terms
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Here� the left had side is the 	�implicit approximation� and the right hand side consists

of the correction error terms� Selecting the non�dissipative� second�order accurate

trapesoidal rule 	 � 	
� for time integration and replacing the corresponding time

derivatives with their space counterparts via the Lax�Wendro
 substitution utilizing

the original equation ������ as
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Introduction of the nine�node spatial discretization ������ leads to
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with a subsequent Taylor series expansion� whose existence is postulated via the usual

assumptions� producing
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Introduction of symmetrized spatial approximation of the form ������ further
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Di
erentiating ������ twice with respect to x and y and combining the terms

produces
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Substituting ����������� into ������ to eliminate higher order derivatives from the

fourth order error contribution� combining the terms and reversing the signs on the er�

ror entries of the modi�ed PDE one obtains the fourth order space accurate perturbed

��



PDE in the form
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Finally� performing order of magnitude analysis consistent with the steady�state case

and proceeding to the limit as 	t� � � � yields the continuum form

�q

�t
� u � rq � �r � rq � h�

	��
u � r�u � rq�

�
h�

�	t�u � rq �
h�

�	tr � rq � �

������

Note that ������ recovers the steady�state modi�ed PDE form ������� when tem�

poral error terms are taken into account� The theory is therefore complete� The

symmetry of the developed discretization in ������ would provide a natural extension

to three�dimensional problems� with the continuum perturbed equation forms ������

and ������ remaining unchanged from the two�dimensional case� granted the mesh

size measure h is evaluated as an appropriate combination of 	x� 	y and 	z�

	��� High order formulation for hyperbolic problems�

The advection�di
usion equation �	� written for zero physical di
usion is written

as

�q�x� y� t�

�t
� �u�x� y� t�

�q�x� y� t�

�x
� v�x� y� t�

�q�x� y� t�

�y
� � ������

Introducing the temporal discretization in the manner illustrated in ������������

selecting trapesoidal integration rule and substituting the corresponding time error

�	



terms via ������ yields
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The nine�node spatial discretization ������ is then introduced to produce ����	��

with the symmetrized spatial approximation requirement ������ now being replaced

by

�X
n	�
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�c� � c� � c� � c� � c
 � c� �
u
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�h
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c� � c
 �
u� v

�h

Substituting ������ into ����	� and neglecting error terms of the order greater than

four yields

Qn�� �
	tu

�
Qn��

x �
	tv

�
Qn��

y �Qn �
	tu

�
Qn

x �
	tv

�
Qn

y

�
h�	t

	�
�vQn��

yyy � uQn��
xxx � vQn��

xxy � uQn��
xyy

� vQn
yyy � uQn

xxx � vQn
xxy � uQn

xyy� � �

������

Di
erentiating twice with respect to x and y one obtains

Qn��
xx �

	t
�
uxxQ

n��
x �	tuxQn��

xx �
	t
�
vxxQ

n��
y �	tvxQn��

xy

�
	t
�
vQn��

xxy �
	t
�
uxxQ

n
x �	tuxQn

xx �
	t
�
vxxQ

n
y �	tvxQn

xy

�
	t
�
vQn

xxy �Qn
xx � �	t

�
uQn

xxx �
	t
�
uQn��

xxx

������

and
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respectively�

Substituting ��������	��� into ������� collecting the terms and reversing the signs

on the error contributions results in the modi�ed fourth order space accurate PDE in
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the form
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Order of magnitude ordering combined with taking 	t� � � � results in

�q

�t
� u � rq � h�


	tr � rq � � ���	���

which conveniently adds an arti�cial di
usion operator to the original equation� whose

application is balanced by the respective measures of temporal and spatial discretiza�

tions�
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Chapter 	

Lax
Wendro�� upwind formulations� Monotonicity

vs� accuracy�

��� Perturbed PDE analysis error correction�

The high order spatial multidimensional formulation developed herein has been

shown to eliminate oscillatory dispersive error modes thus promoting solution mono�

tonicity and accuracy on a su�ciently re�ned computational grid� The developed

perturbed PDE methodology also allows for qualitative analysis of the error control

mechanism by clearly specifying the error terms corrected to the higher order of ac�

curacy� In the one�dimensional steady�state case the perturbed PDE is shown to

be

u
�q

�x
� �

��q

�x�
� h�

	��
u
�

�x
u
�q

�x
� � ���	�

on uniform� and

u
�q

�x
� �

��q

�x�
� h��p� � p � 	�


��
u
�

�x
u
�q

�x
� � �����

non�uniform discretizations�

The uniform�mesh perturbed PDE ���	� reduces to

uqx � �qxx � h�qxx
u�

	��
� � ���
�

in the linear case�

��



Similarly� in two dimensions the perturbed PDE is

u � rq � �r � rq � h�

	��
u � r�u � rq� � � �����

with the linear case resulting in

uQx � vQy � �Qxx � �Qyy � h�
vuQxy

��
� h�

v�Qyy

	��
� h�

u�Qxx

	��
� � �����

The high order spatial error correction in both cases is therefore achieved via inrto�

duction of the di
usive terms loaded by the coe�cient appropriate for the desired or�

der of accuracy� The cross order derivative term is introduced in the two�dimensional

case ������ consistently emphasizing its multidimensional origin� Establishing the na�

ture of the high order correction additions gives one an opportunity to compare this

present approach to several other methods similarly utilizing space�time correction

�mostly di
usive� terms in an attempt to enhance solution accuracy and monotonicity�

��� Lax�Wendro
 formulation for the linear unsteady case�

Consider the one�dimensional unsteady linear advection�di
usion equation�

L�q� �
�q

�t
� u

�q

�x
� �

��q

�x�
� � �����

Lax�Wendro
 Taylor formulation is speci�cally designed to develop high order

time discretization� Two forward Taylor series� for a full timestep 	t and for a

partial timestep �	� ��	t and two corresponding backward series are used towards

this goal as shown in Chapter ��

��



A linear combination of the four series is then taken to eliminate the third order

terms yielding

qn�� � qn �	t
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�����

where 	 � �� � 	�

�

The left had side is the 	�implicit approximation� and the right hand side consists

of the correction error terms� A standard procedure is now to replace time derivatives

with their space counterparts via the Lax�Wendro
 substitution utilizing the original

equation ����� as

�q

�t
�

�
�u �

�x
� �

��

�x�

�
q �����

��q

�t�
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�
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�x
� �
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�x�
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�x�

�
q �

�
u� � �u�

�

�x
� ��

��

�x�

�
��q

�x�
�����

Clearly� a non�linear case would add some extra algebraic complexity in evaluating

these terms�
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Finally� substituting ��������� into ����� yields the following semi�discrete PDE
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The time discretization technique described herein provides a potentially in�nitely

accurate approximation in time achievable by correcting for progressively higher order

truncation error terms� Including only 	t order terms in ���	�� would produce the

second order time accurate method� while retaining terms of the order 	t� would

increase the corresponding order of accuracy to four� This procedure can be continued

to the desired approximation degree� Of course� as usual� accuracy would come

at a price� As can be seen from ���	��� fourth order time accurate method would

require one to discretize third and fourth order space derivatives� thus increasing

computational costs by expanding the solution matrix bandwidth�

The order of the spatial discretization would also become an issue in this case�

since a low �lower than four� order space approximation will o
set the advantage

of using high order accurate time method by introducing low order errors into the

numerical solution� Therefore tradeo
s persist� the most common being the use of

��



the substitutions ��������� derived for a strictly hyperbolic �zero physical di
usion�

problem in a more general case ����� while arguing that the focus is on the problems

with zero or small physical di
usion� Sometimes it is simply stated that retaining

third and fourth order derivative approximations produces an undesirable increase in

solution matrix bandwidth and all derivations proceed from there with ���	�� reduced

to

qn�� � qn �	t	
�
�u�q

n��

�x
� �

��qn��

�x�
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��qn

�x�

�

�
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�
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or taking 	t� � � �

�q

�t
� u

�q

�x
� �

��q

�x�
� 	tu�

�

��q

�x�
� � ���	��

The correction term resulting from this analysis is a di
usive second order derivative

of magnitude 	tu�
� which is notably independent of the viscosity parameter � and

is immediately recognized as the TWS formulation � correction term�

���� Generalized Taylor Weak Statement approach�

For the purposes of the theoretical analysis� the general multi�dimensional advection�

di
usion equation is assumed to be su�ciently approximated by its convectional com�

ponent �Cha�n� 	����� In index notation

�q

�t
� uj

�q

�xj
� � ���	
�
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The higher order time derivatives are replaced by the equivalent spatial derivatives

as outlined in the previous section in the case of the linear equation resulting in

��q
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Weighted combinations of ���	�� and ���	�� are taken with weight coe�cients

�� � � � 	 and � � � � 	 yielding
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Substituting these forms in the series time Taylor series expansion and proceeding to

take 	t� � � � yields the modi�ed system
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speci�cation of the coe�cient set �� �� �� � is usually a subject of numerical trial�and�

error approach with larger amounts of di
usion achieved by increasing coe�cient �

��



where required by trial solution runs� Possible optimization approaches were also

suggested by Cha�n �	�����

As seen from ���	� and ������ the high order correction error term obtained in the

present development is identical in appearance to the modi�ed TWS � term� The

expected high order spatial accuracy of the TWS method is therefore theoretically

veri�ed� Another important consequence of the present analysis is that application

of the correction term is now governed by the theoretically sound principles rather

than numerical experimentation� The theory therefore provides a highly e�cient

dispersion error control mechanism whose application is based on the speci�cs of the

solution domain discretization and physics of the problem� These derivations are of

fundamental importance for the real�world application problems�

��	 Upwind formulation�

Low order centered discretization of the convection term in ������ via for example

a GWS FE formulation is known to result in spurious oscillations which is illustrated

in previous sections� Using the upwind �nite di
erence representation instead�

�q

�x
�
Qj �Qj��

h
���	��

prevents this from occuring� The result is the �rst order space accurate scheme which

in a one�dimensional case produces the following computational stencil expression

��	 �
uh

�
�Qj�� � ��	 �

uh

��
�Qj �Qj�� � � ������

�	



Expanding ������ in Taylor series� collecting the terms and neglecting high order

error contributions yields

u
�q

�x
� �

�
	 �

uh

��

�
��q

�x�
� � ����	�

and the use of the �rst order upwind formula ���	��� thus introduces arti�cial di
usion

of the amount uh
��

Note� that unlike the high order correction of the fourth order method� both Lax�

Wendro
 and upwind error corrections are independent of the physics of the problem

�via viscosity parameter ��� In fact� for u � 	 both are linearly proportional to the

time�space discretization size hinting similarity of the underlying ideas albeit tran�

sient vs spatial interpretations� The next subsection thus concentrates on comparing

upwind and high order corrections in the steady�state case� with a uni�ed time�space

correction approach investigated later on in the chapter�

���� Upwind vs� High order � monotonicity vs� accuracy�

Two seemingly similar� but distinctly di
erent problems� namely shock capturing

and sharp boundary layer resolution� piecefully coexist in the realm of analytical

research in the CFD �eld� It is well known that while �rst order upwind type methods

are preferable to deal with the �rst problem� with high order methods failing miserably

in the shock capturing task� high order resolution is required in the later case� Various

methods have been developed recently to deal exclusively with shock wave problems

��



�Leonard 	��	� Hu and Shu� 	���� Iannelli� 	���� with solution monotonicity being

the driving force behind the method derivation� The accuracy is clearly not an issue

in this case and the �rst order deals with the problem� providing excellent solutions�

Sharp boundary layers of the convection dominated problems present a signi��

cantly di
erent challenge� While at the �rst glance� sharp boundary layers have a

shock�like appearance� they are not in�nitisemally small surfaces along which solution

properties change in a jump� but rather �nite� if not very sizable� subdomains with

abrupt but continuous change in solution characteristics� Solution resolution inside

of the layer as opposed to simply identifying its location� thus becomes extremely

important� and cannot be achieved by shock capturing methods with their design low

order of accuracy�

Figure ��	 � presents solutions obtained for the steady�state one�dimensional ad�

vection di
usion equation ����� with viscosity parameter set to � � ����	 on a uni�

form �	�node mesh� Figure ��	a presents fourth order solution� while Figure ��	b�

illustrates numerical solution obtained using the upwind formulation ������� In ac�

cordance with the previous results� high order solution is overdi
used� signaling in�

su�cient mesh re�nement for adequate layer resolution� In contrast upwind solution

evidences expected monotonicity and allows for identifying boundary layer location�

As expected� upwind formulation does a better job in its design goal of e
ectively

�all �gures may be found in Appendix I

�




locating potential solution discontinuities� As illustrated earlier high order method

would require additional mesh re�nement�

Figure ��� shows comparative method performance in resolving solution inside of

the layer� Figure ���a gives solution computed over the entire solution domain for

� � ���� on a uniform 		�node mesh� while for illustrative purposes only Figures ���b

and ���c are limited to the portion of the domain containing the boundary layer�

Results in Figure ���b were computed for � � ���	 on a �	�node uniform mesh� while

Figure ���c is for � � ����	 on a ��	�node uniform mesh� Exact solution is shown as

a dash line for comparison�

Numerical results con�rm that high order correction method allows for superior

resolution of interior layer features� Its performance is enhanced by the error correc�

tion dependence on the value of the viscosity parameter �� which provides an optimal

amount of arti�cial di
usion for various levels of physical di
usivity� First order ac�

curate upwind formulation fails to resolve the layer and additional mesh re�nement

does not result in signi�cant improvement� These results emphasize the important

distinction between shock capturing and layer resolution�

���� Uniformly high order time�space corrections�

The high order spatial discretization approach developed above provides a unique

way of unifying time�space correction approaches� The spatial discretization correc�

tion theory complements the Lax�Wendro
 error corrections with its spatial counter�

��



parts� thus allowing for a uniform high order approximation in both time and space�

while retaining solution matrix bandwidth of lower order methods� Since the ini�

tial three�node spatial discretization is the theoretical goal of algorithm development

in one dimension� it is important to avoid the use of third and higher order space

derivatives at time step n�	 in ���	��� This can be achieved by setting 	�	�
� The re�

maining second order time derivative� which in turn introduces third and fourth order

space derivatives into ���	�� via ���������� is then evaluated at the time step n which

does not increase the computation cost in any meaningful way� since these become

parts of the residual �right hand side� formation� The solution matrix bandwidth does

not increase in this case� It is necessary to note at this point� that while in general the

non�di
usive trapezoidal rule 	�	�� is the weapon of choice in evaluating ���	��� and

	�	�
 algorithm by itself usually produces unacceptable computational results� the

developed high order correction theory is demonstrated below to completely remedy

this problem� allowing for a uniformly high order space�time discretization�

The fourth order accurate time algorithm written for 	�	�
 requires the following

evaluation of �����
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The three�node spatial discretization of ������ is
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where Qn
j replaces qn as a fully discrete nodal solution and bi� ci� i � 	� ���� � are the

coe�cients of the central �ve�node discretizations of third and fourth order derivatives

respectively� Note that both are evaluated at the time step n and thus do not result

in the solution matrix of larger bandwidth� Coe�cients are given by
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The discrete expression in ����
� provides a fourth order time� second order space

approximation� The fourth order space correction terms are derived via the theo�

retical approach of the previous sections to provide a uniform high order space�time

discretization� With Qn replacing Qn
j for clarity� Taylor series expansion of ����
�

provides
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To eliminate spatial derivatives of the order greater than two at time step n � 	�

whose evaluation would result in larger solution matrix bandwidth� one can now in�

troduce higher order correction terms as demonstrated earlier in the previous sections�

Rewritting ������ and neglecting the terms of the order greater or equal to two as

shown in �
�	�� yields the following expressions
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Di
erentiating ������ repeatedly with respect to x yields

Qn��
xxx �




�	tQ
n��
x �

u

�
Qn��

xx � 


�	tQ
n
x �

�u

�
Qn

xx

�
�

� �
	tu�

��

�
Qn

xxx �	tuQn
xxxx �

	t�
�

Qn
xxxxx

������

Qn��
xxxx �




�	tQ
n��
xx �

u

�
Qn��

xxx �



�	tQ
n
xx �

�u

�
Qn

xxx

�
�

� �
	tu�

��

�
Qn

xxxx �	tuQn
xxxxx �

	t�
�

Qn
xxxxxx

������

Substituting ������ and ������ back into ������ allows for expressing the truncation

error in the form
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The unsteady analog of the modi�ed PDE concept developed in the previous

sections for the steady�state case can be now obtained by reversing signs on the

��



h� terms in ���
��� Note that only �rst and second order spatial derivatives need

to be evaluated at the time step n � 	 thus containing solution matrix bandwidth

expansion� Also �fth and sixth order spatial derivatives are now required at the time

step n� The uniformly fourth order space�time algorithm for the original equation

����� now becomes
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Nodal coe�cients di� ei responsible for seven�node discretization of the �fth and sixth

order spatial derivatives in ���
	� are given by
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Chapter 


High order formulation for non
linear equation

systems�

��� Flows in a converging�diverging nozzle� Euler equations�

����� Problem statement�

Consider isenropic �ow in a converging�diverging nozzle with geometry de�nition as

�Iannelli� 	����

A�x� �

�


�



�

	���� ���� cos���x� ������� ��� 
 x 
 ���

	���� ���� cos���x� ������� ��� 
 x 
 	��

���	�

The �ow in the converging part is subsonic and if the oulet pressure is low enough

there will be supersonic �ow in the diverging portion� When the back pressure is equal

to the design pressure ratio speci�c to a particular nozzle geometry the diverging �ow

is entirely supersonic� otherwise a normal shock occurs in the diverging section� with

its location uniquely de�ned by the back pressure� Analytical steady solution is well�

known and is readily available �see for example White� 	�����

The quasi�one dimensional inviscid �Euler� equations describing the �ow are

L�q� �
�q

�t
�
�f

�x
� s � � �����

	�	



where

q �

�
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E
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m
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�
� p


E�p�m
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�
BBB�

�md lnA
x�
dx

�m�

�
d lnA
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� 
E�p�m
�

d lnA
x�
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�
CCCA ���
�

p � �� � 	�

�
E � m�

��

�
�����

Here � is density� E volume speci�c total energy� p pressure� A�x� nozzle cross sectional

area distribution� � ratio of speci�c heats� For a perfect gas this system is closed by

the polytropic equation of state

E �
p

� � 	
�

	

�
�u� �����

where u � m
� is the �ow velocity� The veri�cation steady state test corresponds to

the impulsive decrease of the subsonic�outlet boundary condition to pout � ���� which

places the normal shock at the area ratio As
Ain � 	������� which corresponds to

x � �������� The exact shock Mach numbers are Msup � 	�
���� and Msub � �������

�Iannelli� 	�����

This problem is usually employed to test algorithm capability to provide stable

transition of shocked �ows to the corresponding steady�state regime �Baker et al��

	���� Iannelli� 	����� The nozzle cross�section area distribution while continuous

with continuous slopes� evidences a discontinuous slope curvature which provides ad�

ditional insight into algorithm resolution� Since the goal of this work is to investigate

	��



the e
ect of high order spatial approximation on the algorithm performance� furher

developments concentrate on the steady�state form of ����� with the Dirichlet bound�

ary conditions set by the corresponding analytical solution�

����� High order formulation�

Using ���
� one can expand ����� in the form�
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The second order discretization of ����� is obtained from ���� as

Rj�a�Uj�� � a�Uj � a�Uj��� � Uj�a�Rj�� � a�Rj � a�Rj��� � RjUjSj � � �����

	��RjUj�a�Uj�� � a�Uj � a�Uj��� � ���U�
j �a�Rj�� � a�Rj � a�Rj���

� ����a�Ej�� � a�Ej � a�Ej��� � RjU
�
j Sj � �

�����

	��Ej�a�Uj�� � a�Uj � a�Uj��� � 	��Uj�a�Ej�� � a�Ej � a�Ej���

����RjU
�
j �a�Uj�� � a�Uj � a�Uj���� ���U�

j �a�Rj�� � a�Rj � a�Rj���

��	��EjUj � ���RjU
�
j �Sj � �

���	��
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Here� fRjg� fUjg� fEjg are the unknown nodal values of density ���� velocity �u� and

energy �E�� coe�cints ai are given by ��
�� and

Sj �
d lnA�xj�

dx
���		�

In order to develop a fourth order approximation to ������ it is critically important

to note that each equation of the system must be considered separately� In that�

while three equations form the system� the modi�ed PDE obtained by a Taylor series

expansion is a unique characteristic of the expanded di
erence equation itself� Any

term substitution among equations inside the system would therefore compromise the

consistency of the original conservation law system� This can potentially complicate

applicability of the current approach since each equation in a system includes several

independent variables thus making it di�cult to reduce the order of the perturbed

PDE via di
erentiation�

With this in mind� proceeding with a Taylor series expansion of �������	�� at node

j� the following modi�ed system is obtained

RUx � URx � RUS �
h�

�
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�
h�

�
�	��EUxxx � 	��UExxx � ���RU�Uxxx � ���U�Rxxx� � H�O�T� � �

���	��

where R�U�E� S replace the corresponding nodal values of Rj� Uj� Ej� Sj for simplicity�

and subscripts denote partial derivative of the corresponding order�

Di
erntiating each equation twice with respect to x yields

RUxxx � URxxx � �
RxxUx � 
RxUxx � RxxUS

��RxUxS � �RxUSx � RUxxS � �RUxSx � RUSxx � H�O�T�

���	��
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Substituting these back into ���	����	��� the perturbed ODE system leading to the

fourth order approximation of ����� is
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����� Di
usion term introduction�

The high order formulation of the previous section is applied directly to the original

system ������ Since a well�known characteristic feature of the physics of the problem is

the development of normal shock wave upstream of the nozzle throat� one may expect

the numerical solution to become oscillatory in the vicinity of the wave� High order

discretizations are known to exaggerate the problem due to the Gibbs phenomenon

�Harten et al�� 	���� Morton and Sweby� 	���� suggesting low order interpolation

across the wave front� This leads one to look for ways of adapting the designed

theoretical procedure to solve the problem at hand�

Since most of the numerical methods attempt to resolve shocks by resorting to

various di
usion mechanisms� one immediately obvious way to proceed is to directly

out�t both fourth and second order methods with the corresponding di
usion terms

and compare their relative performance� Towards this goal di
usive terms of the form

���
��

�x�
� ���

�u

�x�
� �� �

�e

�x�
����	�

were added to their respective equations in both methods� Approximation of these

terms could be carried out in a manner consistent with ����� with no additional

modi�cations made to the developed fourth order system ���	�������� As a result its

approximation order is reduced to that of the second order system� Of course� this

rather rude development is not expected to produce very accurate results� In fact�

the resulting numerical solution is overly di
used as shown in Chapter ��

	��



While one might argue that a uniformly fourth order method could remedy the

situation� all attempts to design one directly following the theoretical procedure de�

veloped above did not succeed� due to the lack of symmetry in the partial derivative

groups� which was the direct result of adding the di
usive terms� For the uniformly

fourth order approximation to be achieved� it is therefore necessary to search for some

other ideas for implementing this strategy�

����	 High order formulation for Euler equations�

As noted� the theory applicability rests on the possibility of expressing higher order

derivatives via their lower order counterparts achieved via repeated di
erentiation

of the corresponding modi�ed equation which is in turn obtained by a Taylor series

expansion� For this technique to work for conservation law systems the approximating

di
erence equations must possess certain symmetry among di
erent partial derivative

group entries of the system equations� It seems that in general some additional work

is required to formulate the system in a desirable symmetrical form� In the particular

case of Euler equations one can achieve this goal by a relatively straight forward

analysis outlined in this section�

Since any implementation of the developed theory implies the ability to express

high order derivatives via those of lower order� introduction of a second order di
usion

term is a necessary condition� As shown in the previous section� direct introduction

does not yield satisfactory results� hence the approach requires optimization� It is

	��



clear from the theory developed for the advection�di
usion problem that the equation

of the type

dq�x�

dx
� �

d�q�x�

dx�
� s�x� � � ������

can be e�ciently approximated by the designed discretization procedure� regardless

of the exact form of the functions q�x�� s�x�� The later is true since the unknown

function q�x� is to be included symmetrically into the modi�ed equation as de�ned

by approximation ������ The source function s�x� is to be di
erentiated twice in

developing the fourth order modi�ed equation� thus producing various combinations

of at most second order derivatives of the unknown variables� whose three�node dis�

cretization is then available via ������

With this in mind consider the following substitution�
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f��x� � ��x�u�x�

f��x� � �����x�u��x� � ���e�x�

f��x� � 	��e�x�u�x�� �����x�u��x�

����
�

The backward transformation is provided by�
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u
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e�x� � ���f��x�� �f��x�u�x�


f��x�u��x�� 
��f��x�u�x� � f��x� � �

������

Hence� for given f��x�� f��x�� f��x� and u�x�� the nodal values of ��x�� e�x� can be
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found via ������� The parent Euler equation system ����� is now replaced by�
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d lnA
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f��x�u��x�� 
��f��x�u�x� � f��x� � �

������

with the corresponding Dirichlet boundary conditions found from ����
�� Substitution

������ appears to be rather general and can be applied when dealing with multidi�

mensional steady inviscid equations� It results in a system ������ which is larger than

that approximated via the perturbed PDE analysis of the previous sections� The

disadvantage of solving larger number of equations is therefore o
set by the ability

to e�ciently implement a high order formulation�

In the present case this substitution results in further simpli�cation� The �rst two

equations are linear and not coupled with the rest of the system� They can be solved

independently� providing the nodal values of f��x� and f��x�� With these in hand

f��x� and u�x� are then found by solving��
�

df�
x�
dx

� �d
�f�
x�
dx�

� f��x�u�x�d lnA
xj�
dx

� �


f��x�u��x�� 
��f��x�u�x� � f��x� � �
������

and the nodal values of ��x�� e�x� are determined from ������ by simple substitution�

The second order approximation of ������ is obtained via ��
�� Development of the

fourth order formulation starts by noting that the �rst two equations are of the form

������� which is considered as a general generic equation� Its second order formulation
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via ��
�� followed by Taylor series expansion leads to the following modi�ed equation

Fx � �Fxx � FS �
h�

�

h
Fxxx � �

�
Fxxxx

i
� H�O�T� � � ������

Here� F � Fj are the nodal values of the unknown function f�x�� and S � Sj

are the nodal values of the source function given by ���		�� Rewriting ������ and

di
erentiating the resultant expression by x and xx yields

Fxx �
	

�
�Fx � FS� � H�O�T� ������

Fxxx �
	

�
�Fxx � FxS � FSx� � H�O�T� ������

Fxxxx �
	

�
�Fxxx � FxxS � �FxSx � FSxx� � H�O�T� ���
��

Substituting ��������
�� back into ������� then reversing the signs of the correction

error terms� provides the generic fourth order perturbed ODE in the form
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The next step is development of the fourth order approximation of ������� Since

the second equation in ������ does not contain partial derivatives� hence will not

produce truncation error terms upon its discretization� only the �rst equation of the

			



system requires modi�cation� Noting again that the exact form of the source term is

of no relevance in the present analysis� and making the convenient substitution

y�x� � f��x�u�x�
d lnA�xj�

dx
� Y � Yj � F�jUjSj ���
��

one obtains the following modi�ed equation

Fx � �Fxx � Y �
h�

�
�Fxxx � �

�
Fxxxx� � H�O�T� � � ���

�

Rewriting ���

� and di
erentiating it repeatedly with respect to x yields the

following expressions

Fxx �
	

�
�Fx � Y � � H�O�T� ���
��

Fxxx �
	

�
�Fxx � Yx� � H�O�T� ���
��

Fxxxx �
	

�
�Fxxx � Yxx� � H�O�T� ���
��

which upon substitution into ���

� results in the following fourth order perturbed

ODE
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The complete fourth order perturbed system is now�
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������ Spatial �ltering�

The numerical solution computed using the developed fourth order method may

still require some additional work in and around the sonic throat� Spatial �ltering

technique outlined by Visbal and Gaitonde �	����� is the method of choice in this

section� Being a postprocessing operation this method allows for selective phase

�ltering of dispersive error modes� while retaining a uniformly high order of the �ltered

numerical solution� Denoting a component of the solution vector by Q� �ltered values

Qf can be obtained by solving the following tridiagonal algebraic system

�fQ
f
i�� � Qf

i � �fQ
f
i�� �

NX
n	�

an
�

�Qi�n � Qi�n� ���
��

This formula provides Nth order �lter with a �N � 	 node stencil� It can be shown

that the spectral function of the �ltering operator ���
�� is

SF ��� �

PN
n	� ancos�n��

	 � ��fcos���
������

		




The symmetry of the operator ���
�� provides for SF to be real and non�dispersive�

The N �	 unknowns ai are derived by Taylor series analysis� while �f is retained as a

free variable which must remain within the range ���� 
 �f 
 ���� where �f � ����

delivers the largest amount of di
usion� Derivation of the �th�order �lter is given

below for clarity�

Derivation of the �th�order �lter requires setting N � � and ���
�� is rewritten as

�fQ
f
i�� � Qf

i � �fQ
f
i�� �

a�
�

�Qi�� � Qi��� �
a�
�

�Qi�� � Qi���

�
a�
�

�Qi�� � Qi��� �
a�
�

�Qi�� � Qi��� � a�Qi

����	�

Performing Taylor series expansion of nodal solution entries in ����	� around node j

yields

Qi�� � Qi�� � �Qi � h�Q

��
i �

h�

	�
Q


��
i �

h�


��
Q


��
i � H�O�T� ������

Qi�� � Qi�� � �Qi � �h�Q

��
i �

�h�



Q


��
i �

�h�

��
Q


��
i � H�O�T� ����
�

Qi�� � Qi�� � �Qi � �h�Q

��
i �

��h�

�
Q


��
i �

�	h�

��
Q


��
i � H�O�T� ������

Qi�� � Qi�� � �Qi � 	�h�Q

��
i �

��h�



Q


��
i �

�	�h�

��
Q


��
i � H�O�T� ������
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Substituting ����������� into ����	� results in

���f � 	�Qf
i � h��fQ

f
��
i �

�fh
�

	�
Q

f
��
i �

�fh
�


��
Q

f
��
i �

Qi�a� � a� � a� � a� � a�� � h�Q

��
i �

a�
�

� �a� �
�a�
�

� �a��

�h�Q

��
i �

a�
��

�
�a�



�
��a�

�
�


�a�



� � h�Q

��
i �

a�
���

�
�a�
��

�
�	a�
��

�
���a�

��
�

������

Since the goal is to match the coe�cients of the corresponding series up to the

�th�order� ������ provides four equations for �ve variables� The missing equation is

given by the condition SF ��� � � which eliminates the odd�even mode� Solving the

system yields

a� �
�
 � ���f

	��
� a� �

� � 	��f

	�
� a� �

�� � 	��f


�

a� �
	

	�
� �f

�
� a� � � 	

	��
�
�f

��
� a� � �

������

����� Time dependent formulation

Now consider the time dependent formulation� The governing Euler system of

equations remains ������ Introducing the second order di
usive derivatives and fol�

lowing the substitution pattern accepted for the steady�state case modi�es it to�


�



�

�q
�t

� �f
�x
� � �

�q
�x�

� s�x� � �


f��x�u��x�� 
��f��x�u�x� � f��x� � �

������

where q� f and s are given in ���
�� Unlike the steady�state case� this is a coupled

system of four equations and its only advantage over conventional high order for�

mulations is in the equation symmetry� which in turn allows for containing solution

		�



matrix bandwidth expansion� Note that the extra compatibility condition is a simple

algebraic equation which must hold at all nodes of the solution domain� Its imple�

mentation does not require computational e
ort and extensive theoretical analysis

usually accompanying numerical solution of di
erential equations�

The initial conditions are provided by the exact sonic� shock�free isentropic �ow

solution� The Dirichlet boundary conditions at the inlet are set equal to the initial

condition� The outlet pressure is �xed to result in the normal shock wave propagating

upstream as discussed for the steady�state case� This condition is relaxed when

supersonic �ow is achieved at the outlet during a numerical calculation�

Assuming su�cient continuity and performing semi�discretization in time using

the standard 	�implicit method approximation yields

Qn�� � Qn �	t
�
	
dQn��

dt
� �	� 	�

dQn

dt

�
� O�	t�� ������

Here� Q is the nodal value of state variable q and n is the current time step�

Substituting ������ into ������� selecting non�dissipative trapesoidal rule �	�	���

for time integration and neglecting high order time derivative terms results in

Qn�� � Qn �
	t
�

�
��F

n��

�x
� �

��F n��

�x�
� Sn��

�

�
	t
�

�
��F

n

�x
� �

��F n

�x�
� Sn

� ������

where F� S are nodal values of functions fi�x� de�ned by the substitution ����
� and

source function s�x� respectively�

		�



Rewritting ������ in the form

Qn�� �
	t
�

�
�F n��

�x
� �

��F n��

�x�
� Sn��

�
�

Qn �
	t
�

�
��F

n

�x
� �

��F n

�x�
� Sn

� ����	�

and introducing second order spatial discretization via ���� yields

Qn��
j �

	t
�

�a�F
n��
j�� � a�F

n��
j � a�F

n��
j�� �

� 	t�
�

�a�F
n��
j�� � a�F

n��
j � a�F

n��
j�� �� 	t

�
Sn��
j �

Qn
j �

	t
�

�a�F
n
j�� � a�F

n
j � a�F

n
j���

�
	t�

�
�a�F

n
j�� � a�F

n
j � a�F

n
j��� �

	t
�
Sn
j

������

This completes development of the second order numerical formulation� The

fourth order spatial approximation is now thought via Taylor series analysis� Making

the usual assumption of spatial mesh being su�ciently re�ned� expanding the second

order stencil form ������ around node j� one obtains the modi�ed PDE in the form

Qn�� �
	t
�
F n��
x �

	th�
	�

F n��
xxx �

	t�
�

F n��
xx � 	t�h�

��
F n��
xxxx �

	t
�
Sn�� �

� Qn � 	t
�
F n
x �
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	�

F n
xxx �

	t�
�

F n
xx �

	t�h�
��

F n
xxxx �

	t
�
Sn � H�O�T�

����
�

where Q�F� S replace nodal values Qj� Fj� Sj for clarity and subscript denotes the

corresponding spatial derivative� Collecting the terms of the order h� and neglecting

		�



higher order terms leads to

Qn�� �Qn �
	t
�
F n��
x �

	t
�
F n
x �

	t�
�

F n��
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�
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�
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�
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�

�
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�

�
F n
xxxx� � �

������

The following relationships then follow from ������ by di
erentiation� Recall that

the fact that higher order terms in the modi�ed equation ����
� can now be neglected

was proven in �
�	���

	t�
�

F n��
xx � Qn�� �Qn �

	t
�
F n��
x �

	t
�
F n
x �

	t�
�

F n
xx �

	t
�
Sn�� � 	t

�
Sn ������
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	t�Q
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�
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xx �
	

�
Sn�� � 	
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�
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These can now be substituted back into ������� to express third and fourth order

spatial derivatives via their �rst and second order counterparts� thus allowing a three�

		�



node spatial discretization�
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The modi�ed time�discretized PDE providing the fourth order spatial discretiza�

tion is obtained from ������ by reversing the signs on the h� correction terms as
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�
h�	t

	�
�� 	

	t�Q
n
x �

	

	tQ
n
xx �
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�
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Fully discrete computational implementation is now obtained by using regular

second order spatial approximation formulation ������ with the correction terms pro�

vided by the modi�ed PDE analysis increasing the spatial approximation order to

four� Time intergration is still carried out via the trapesoidal rule ������� thus result�

		�



ing in the second order time accurate algorithm�
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Here S	j� S�j denote �rst and second order derivatives of the source term ���		��

��� Incompressible Navier�Stokes equations�

����� ��� algorithm�

Navier Stokes equation set governing two�dimensional �ow of viscous incompressible

�uid is written as �see for example Baker� 	��
�

�uj
�xj

� � ������

	��



�ui
�t

�
�

�xj

�
uiuj �

p

��
�ij � 
ij

�
�

bi
Fr

� � ����
�

where �� is the constant density� uj is the two�dimensional velocity vector� bi is the

body force� p is pressure� 
ij is the Stokes stress tensor de�ned as


ij �
�

Re

�
�ui
�xj

�
�uj
�xi

�
������

and nondimensional groups are de�ned as

Re �
U�L

��
������

Fr �
U�
�
Lg

������

The constant density restriction allows for introduction of streamfunction and

vorticity variable set �� � via

u 
 �� �k ������

� 
 �� u � k ������

which recasts the original system ���������
� into

��

�t
� ��� �k � ��� � �

Re
�� � � � ������

��� � � � � ������

	�	



with pressure being determined as a postprocessing operation via

	

��
�� p� �� �

���

�x�
�
���

�y�
� �

���

�x�y
� � ����	�

Neglecting body force contribution� writing ������ in a component form and re�

membering de�nitions ����������� yields the Navier Stokes system in the form

��

�t
� u

��

�x
� v

��

�y
� 	

Re

���

�x�
� 	

Re

���

�y�
� � ������

���

�x�
�
���

�y�
� � � � ����
�

u �
��

�y
������

v �
��

�x
������

����� High order formulation

Equation ������ is recognized as unsteady advection�di
usion equation whose high

order fomulation was developed in the previous sections� Completion of the high order

formulation for this problem class therefore rests on the corresponding development

for the stream�function Poisson equation� Assuming existence of the appropriate

boundary conditions� generality of the developed theory readily provides a required

extension� Here� one proceeds along a well established by now design sequence�

	��



Spatial discretization of ����
� on a nine�node computational stencil results in

Wij � c��i���j�� � c��i�j�� � c��i���j�� � c��i���j � c��i�j �

�c��i���j � c
�i���j�� � c��i�j�� � c��i���j�� � � ������

The approximation requirement as dictated by ����
� and Taylor series expansion

of ������ is

�X
n	�
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�c� � c� � c� � c� � c
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and reduces the corresponding truncation error expression to

� � �xx � �yy �
h�

	�
�xxxx �

h�

	�
�yyyy �

h�

�
�xxyy � H�O�T� � � ������

Di
erentiating ������ by xx and yy� neglecting high order terms and taking the

linear combination of the resulting expressions� yields

�xxxx � ��xxyy � �yyyy � ��xx � �yy ����	�

Substituting ����	� into ������ and reversing the error term signs provides the

desirable fourth order accurate perturbed PDE in the form

� �
���

�x�
�
���

�y�
�
h�

	�

�
���

�x�
�
���

�y�

�
� � ������

The modi�ed continuous system comprised of four coupled equations written for

four variables �� �� u� v now is

��

�t
� u � r� � 	

Re
r � r� � h�Re

	�
u � r�u � r�� � � ����
�

	��



� �r � r� �
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	�
r � r� � � ������

u �
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�y
������

v �
��

�x
������

with pressure being determined via ����	� as a postprocessing operation�

������ High order formulation for general Navier�Stokes equation forms�

The two�dimensional Navier�Stokes momentum equation is

�ui
�t

�
�

�xj

�
uiuj �

	

��
p�ij � 	

Re

�ui
�xj

�
� � ������

In order to derive a high order perturbed PDE for a general form in ������ the pressure

contribution is momentarily neglected and equation is expanded as

�ui
�t

� ui
�uj
�xj

� uj
�ui
�xj

� 	

Re

��ui
�x�j

� � ������

In the case of incompressible equations ������� equation ������ is reduced to
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Re

��ui
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and its high order counterpart recalling the pressure contribution is given as ����
�
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�
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� h�Re
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For the current theoretical analysis to be applicable in a more general case �������

equation is symmetrized as

�ui
�t

� ui
�uj
�xj

� uj
�ui
�xj

� 	

Re

��ui
�x�j

� �
��uj
�x�j

� � ����	�

where � � � is a parameter similar to the viscosity parameter of the advection�

di
usion formulation�

From symmetry� recalling the theoretical developments detailed in Chapter � one

easily arrives at the high order perturbed PDE for the general form ������ as
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�
uiuj �
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thus recovering the general TWS formulation form as outlined by Noronha and Baker

�	���� �see also Noronha �	������ This high order formulation will remain essentially

unchanged in three dimensions� provided the mesh size measure h is generalized via

an appropriate combination of 	x� 	y and 	z� Of course� the application of the

correction terms is again governed by the physics of the problem as dictated by

the theoretical design� It is important to emphasize that this latest development

������ is only true in the case when general compressible equation forms are under

consideration�

	��



����	� FE�like matrix formulation� Assembly procedure

If �nite element based software is to be employed in numerical computations�

one may needs to establish a clear connection between the computational stencil ex�

pression characteristic of the developed high order approach and matrix formulations

resulting from �nite element variational statements� Once discrete stencil expressions

are converted to matrix notation� the entire formulation can be implemented using

any �nite element computing environment� Since a nine�node stencil of the form

������ is used in present theoretical formulations� this section concentrates on �nite

element formulations employing bilinear test and trial function sets�

The end point of a variational formulation as applied on a single element of the

solution domain is the derivation of the corresponding matrix statement written on

this element� whose subsequent assembly results in a computable stencil expression

similar to the one in ������ which in turn provides the numerical solution over the

entire computational domain�

When bilinear basis is used in a formulation� the matrix statment for a linear

steady�state problem is always expressed as �Baker� 	��
� Cha�n� 	�����
�������

a�� a�� a�� a��

a�� a�� a�� a��

a�� a�� a�� a��

a�� a�� a�� a��

�
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�

Q�

Q�

Q�

Q�

�





�






�

� f�g ����
�

where Qj is the nodal numerical solution and the coe�cients aij depend on the trial

	��



and test function sets and on the partial di
erential equation itself� A nine�node

discrete stencil expression obtained via assembling ����
� on four adjacent elements

then is derived as �Cha�n� 	����

a��Qi���j�� � �a�� � a���Qi�j�� � a��Qi���j�� � �a�� � a���Qi���j

� �a�� � a�� � a�� � a���Qij

��a�� � a���Qi���j � a��Qi���j�� � �a�� � a���Qi�j�� � a��Qi���j�� � �

������

Comparing ������ to ������ one easily obtains the following relationship between

the discrete stencil coe�cients

c� � a��� c� � a�� � a��� c� � a��� c� � a�� � a��

c� � a�� � a�� � a�� � a��

c� � a�� � a��� c
 � a��� c� � a�� � a��� c� � a��

������

This system provides a set of conditions that must be satis�ed to establish a one to

one correspondence between the bilinear matrix forms of the �nite element method

and the developed high order spatial formulation�

Denoting as f�g and f�g the solution vectors corresponding to continuous vari�

ables � and � in ������������ and using expressions ������������ ������ yields the

	��



following fourth order accurate discrete stencil expression for ������

�ij �
	

�h�
�i���j�� �

�


h�
�i�j�� �

	

�h�
�i���j�� �

�


h�
�i���j � 	�


h�
�ij

�
�


h�
�i���j �

	

�h�
�i���j�� �

�


h�
�i�j�� �

	

�h�
�i���j��

�
	

	�
��i���j � ��ij � �i���j� �

	

	�
��i�j�� � ��ij � �i�j��� � �

������

which can then be transformed into the matrix statement�
�������
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�h�
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�h�
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� f�g ������

ready to be used by a �nite element computing environment� With the TWS nu�

merical implementation details of ������ given by Cha�n �	����� this concludes the

development of the high order formulation for the incompressible Navier�Stokes equa�

tion class�

	��



Chapter �

Results and discussion�

��� Undetermined coe�cients approach�

����� Convergence study results�

Since an analytical solution is not generally available� the following analysis �Baker�

	��	� is used to con�rm predicted convergence rate of the developed methods� For

the lead term of the truncation series expansion given in the form

errorh � Ckh
�k
e ���	�

and using

T h � eh � Texact � T h�� � eh�� �����

one can easily verify� that

eh � ���k�eh�� ���
�

and therefore

T h�� � T h � ���k � 	�eh��� eh�� �
	T h��

��k � 	
�����

Here 	T h�� � T h�� � T h denotes the computed di
erence in the two approximate

solutions� Selecting a log representation� the slope of the convergence curve should

be

slope �
log�eh�M�� log�eh��M�

log�h�� log�h
��
�
log�eh�M
eh��M�

log���
�����
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Results of a convergence study computed for �
�	� on uniformly re�ned discretiza�

tions for � � ��	 at the mid�node of the solution domain are shown in Table 	 ��

All presented solutions computed for u � 	 were smooth �oscillation�free�� The data

adhere to the theoretical convergence prediction� con�rming the order of the lead

truncation error term for each method�

������ One�dimensional steady�state problems�

Solution evolution for � � ����	 is shown in Figure ��	 with number of nodes

Nnode� Presented are numerical solutions computed using fourth order �
�	�� and

Galerkin linear basis �
��� methods� Even for this modest value of �� Galerkin linear

basis solution remains oscillatory in the boundary region for all considered discretiza�

tions� The well known monotonicity constraint �Fletcher� 	��	� Roy and Baker� 	����

applied to � � ����	 states that at least ��� nodes are needed for Galerkin linear basis

discretization to produce a non�oscillatory �monotone� solution�

In contrast� fourth order method solutions remain monotone independent of Nn�

ode� albeit overdi
used on the coarse �Nnode��	� mesh� in full agreement with high

order method results reported by Fletcher �	��	�� While the coarse mesh solution

is clearly overdi
used� a reasonable 	�	�node discretization of the solution domain

allows for computing an acceptable solution� Further re�nement results in a highly

accurate monotone solution for Nnode���	�

�all Tables may be found in Appendix II

	
	



Figure ��� illustrates solution evolution for the stationary wave problem� as ob�

tained for � � ����	 and various discretizations� The equation remains �
�	�� while

boundary conditions are modi�ed to

q��� � �	 q�	� � 	 �����

and

u �

��
� �	 for � 
 x � �

�

	 for �
�
� x 
 	

�����

The numerical data con�rm the trends in Figure ��	� in that the fourth order

method solution is monotone for all discretizations� with solution accuracy improv�

ment on re�ned meshes� The Galerkin linear basis solutions remain oscillatory for all

cases�

������ One�dimensional unsteady problems�

Numerical experiments were conducted for u � 	� ��� 
 t 
 	��� on a �	�node

uniform mesh with h � ����� The time step was varied to produce di
erent Courant

numbers� The analytical solution �
���� was used to set initial and Dirichlet boundary

conditions�

Figure ��
 shows solution evolution for � � ���	 and � � ����	� Compared are

the fourth order �
�
�� and the Galerkin linear basis method solutions� Achieving a

uniform fourth order accuracy in space and time would require a fourth order time

	
�



integration algorithm� Instead� the non�dissipative trapesoidal rule is used to focus

on solution dependency on the order of spatial approximation� Both methods are

therefore second order accurate in time�

Both methods performed equally well for � � ���	 producing accurate solutions for

a considered range of Courant number� Decreasing the value of � steepens the prop�

agating wavefront creating di�culties in resolving the resulting gradient� The fourth

order method evidences leading dispersive oscillations� that diminish with increase

of the Courant number and completely disappear for C � 	� This is particularly

attractive� since for a �xed spatial discretization size larger Courant number means

larger time step� thus allowing for a faster solution process� This trend is completely

reversed for the Galerkin linear basis solution� In that� all considered solutions are

unacceptably polluted by the trailing dispersive errors� with magnitude of the oscil�

lations increasing with Courant number�

The fourth order method performance for C � 	 is examined in Figures ���a and

���b for di
erent values of the viscosity parameter �� Both simulations produced

monotone error�free results� For small values of �� the original advection�di
usion

equation �
���� asymptoticaly approaches the non�di
usive hyperbolic equation

�q�x� t�

�t
� u

�q�x� t�

�x
� � �����

The ability of the fourth order method to resolve sharp shock�like wavefront gradients

	





for C�	 corresponds to solving ����� with � approaching zero in �
�
��� Figures ���c�

���f document the results obtained using �
�
�� with � set to ��������	 for the initial

wave front a sine wave� Figure ���c� and a two�node square wave� Figure ���e� Initial

condition is shown as a dashed line on all plots� Wavefront locations are shown

after 	� and �� time steps respectively� Fourth order method simulations produced

excellent results� while the Galerkin linear basis comparison solutions� presented for

comparison� are totaly destroyed by oscillations� One must note that� while several

methods can produce nodally exact results for equation ����� with Courant number

of one� the developed fourth order method solutions presented in Figure ��� are never

nodally exact�

����	� Two�dimensional steady�state problems�

Data as generated for the convergence study obtained for the fourht order method

�
���� and the sixth order method �
����� on uniformly re�ned discretizations for � � 	

at the mid�node of the solution domain� are shown in Table �� All presented solutions

were computed for u�v�	� Data adherence to the convergence curves con�rm the

order of the lead truncation error term for each method�

Numerical solutions computed on a uniform 		x		 square mesh for various values

of � are presented in Figure ���� Compared are the fourth order method �
���� and the

Galerkin bilinear basis solutions� Both methods produce acceptable solutions for � �

	� with the fourth order method solution being nearly nodally�exact� The Galerkin

	
�



bilinear basis solution is totally destroyed for the convection dominated problem with

� � ����	� ������	� Conversely� the fourth order method yields nodally accurate

monotone solutions� demonstrating the theory�s ability to resolve sharp gradients in

a boundary layer� as formed due to the small value of ��

Figure ��� depicts the method�s performance when applied to the slightly more

challenging problem� corresponding to boundary conditions �
���� while �
��
� is re�

placed by the adiabatic conditions�

�q�x� 	�

�n
�
�q�	� y�

�n
� � �����

This allows examining solution behavior in the absence of exact nodal boundary data�

hence admitting more severe boundary layer oscillations�

Solutions were generated at � � ����� for progressively re�ned computational

grids� The general trends remained unchanged from those shown in Figure ��	 for

the one�dimensional case� The Galerkin bilinear basis solution is oscillatory in the

boundary layer region for all considered discretizations� with oscillation magnitude

decreasing with increased mesh density� The fourth order method yields monotone

results on all discretizations� including the inaccurate� overdi
used solution on the

coarse 		x		 grid� It signi�cantly improves with modest mesh re�nement� resulting

in an acceptable� while still di
used� solution on a 
	x
	 node mesh� It showes sharp

boundary layer resolution on a �	x�	 node mesh� Note again� that the bandwidth of

the solution matrix remains the same in all cases�

	
�



���� Perturbed equation approach�

������ One�dimensional problems on uniform mesh�

Convergence data computed for the derived methods are presented in the Table 


and Table �� Table 
 lists data obtained for the scalar case ���	��� Table � for the

non�linear case ������� All data were computed for � � ��	�

Computed slope values con�rm Taylor series�predicted convergence rates of the

developed methods� When compared to the exact solution Q�x � ����� � �������



in the scalar case �� � ��	� the fourth order method evidences superior performance�

Speci�cally� monotone and accurate results are obtained on a relatively coarse mesh�

A tenfold mesh re�nement would be required for the second order method to produce

comparable results� This seemingly insigni�cant �third digit� observation will become

extremely important in costly real�life computations�

Solution evolution for Case problem 	 for � � ����	 is shown in Figure ��� with

number of nodes Nnode � Presented are numerical solutions computed using fourth

order and second order methods� While the high order formulation developed via

the perturbed equation approach di
ers from that obtained via the undetermined

coe�cients analysis of Chapter 
� the high order solution trends remain unchanged

and can be directly compared to the results shown in Figure ��	�

Results computed for the Burger�s equation case are shown in Figure ��� for

� � ����	� The fourth order accurate solutions are presented for various discretiza�

	
�



tions� Presented solutions follow general trends observed for the linear case� higlight�

ing continuity of the developed theoretical approach� All solutions are monotone with

highly accurate results obtained on su�ciently re�ned discretizations� Second order

method solution �not shown here� was highly divergent� In fact� continuing the it�

eration process �up to �� iterations� not shown� does not improve the solution� but

rather exaggerates its divergent behavior�

Overall� computational results illustrate two main points� Namely� high order

methods can achieve desirable error levels on coarser meshes� and for a given mesh

high order methods produce more accurate results� The developed theoretical ap�

proach allows for exercising these advantages at no added computational cost� which

is usually associated with solution matrix bandwidth expansion of high order accurate

methods�

������ One�dimensional problems on non�uniform mesh�

Figure ��� presents results obtained on a strongly non�uniform mesh with geometric

progression p � ��� for the scalar u � 	 one�dimensional steady�state case� Compared

are third order ������ and Galerkin linear basis methods� As expected packing mesh

at the wall allows for resolving solution gradients on a small number of nodes for

virtually any value of viscosity parameter �� Similarly to the uniform mesh results�

higher order approximation allows for monotone resolution of the boundary layer on

a coarser mesh�

	
�



Since exact location of the boundary layer is required for e�cient utilization of

non�uniform discretizations� Figures ��	� and ��		 present results obtained on lo�

cally uniform meshes� In that� solution domain is subdivided into several uniformly

discretized subdomains� Those potentially containing sharp discontinuities and�or

boundary layers are then packed with nodes� while the rest are treated with coarse

mesh� This approach does not require the exact knowledge of trouble�spot locations�

just some general prediction based on the physics of the problem at hand� Figure ��	�

compares the results computed for the linear case with the fourth order and Galerkin

linear basis methods� Locally non�uniform meshing at the nodes connecting adjacent

subdomains is handled via third ������ and �rst ���
�� order methods respectively�

Figure ��		 shows the results obtained with the fourth order method ���	�� for the

Burgers equation case ������� Here n�m and l represent the number of nodes in each

of the solution subdomains� Here again the fourth order method produces excellent

monotone results on coarse meshes for all tested values of the viscocity parameter ��

������ Two�dimensional steady�state problems�

Uniform mesh re�nement results con�rming predicted convergence rates of the devel�

oped fourth order method are shown in Table ��

All data were computed at the center node of the solution domain x � ���� y � ����

For the purpose of establishing convergence rate of the method the linear problem

	
�



������ with the exact boundary conditions

q�	� 	� � 	 q��� y� � q�x� �� � � ���	��

q�x� 	� �
e
ux
� � 	

e
�

� � 	
q�	� y� �

e
vy

� � 	

e
�

� � 	
���		�

was considered in the mesh re�nement study�

Numerical results are shown in Figures ��	�� ��	
� Figure ��	� compares solutions

to the linear problem computed on uniform meshes of di
erent density for � � ������

while Figure ��	
 shows results for the non�linear problem ���	�� obtained for various

values of the viscosity parameter � on a uniform 
	x
	 node mesh� In both cases the

boundary conditions ���		� were replaced with the adiabatic conditions

�q�x� 	�

�n
�
�q�	� y�

�n
� � ���	��

Solutions of the linear problem ���	�� using the fourth order method developed

via �perturbed PDE� approach closely follow the trends obtained earlier with the

fourth order method resulted from the undetermined coe�cients analysis� One must

again note that both theoretical approaches result in distinctly di
erent stencil coe��

cients� while retaining the same theoretically predicted fourth order convergence rate

and e�cient nine�node implementation of lower order two�dimensional constructions�

Presented numerical results thus con�rm the earlier �ndings� In that� the fourth

order method yields monotone results on all discretizations� An inaccurate� overdi�

fused solution on a coarse 		x		 grid is signi�cantly improved after a modest mesh

	
�



re�nement �Figure ��	�b�� Further mesh re�nement produces an excellent solution

on a �	x�	 node mesh� Companion Galerkin bilinear basis results were presented in

earlier sections and were shown to remain oscillatory for all considered meshes�

The computational results shown in Figure ��	
 demonstrate the algorithm ap�

plicability to non�linear steady�state problems� Here� a good initial approximation in

the Newton algorithm allows for sustaining excellent monotone solutions and sharp

gradient resolution for a broad range of the viscosity parameter ��

����	� Two�dimensional unsteady problems�

To investigate the accuracy of the developed fourth order spatial approximation in

two dimensions� the problem of a Gaussian hill translating with a uniform velocity

u � �p
�
i � �p

�
j and spreading isotropically with di
usivity � is considered� The

analytical solution has the form �Donea� 	����

q�r� t� �
	


�t�
exp

�
� 	

�
�t��
�r � r� � ut��

�
���	
�

where 
�t� � 
��	���t

���
���� The width of the hill at the initial time t � � is set to


� � ���� and solution is time�iterated on a uniform �� by �� node mesh until time

t � ��� is reached� Viscosity parameter was set to � � ������ The perturbed PDE

����
� reduces to

Qn�� �
	tu

�
Qn��

x �
	tv

�
Qn��

y � 	t�
�

Qn��
xx � 	t�

�
Qn��

yy

	��



�h
�	t
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�
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�	t�Q
n��
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v
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xx �
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� 	

�	t�
�

�
h�	t

�

�
Qn��

yy �
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	��
� 	

�	t� �
uv

��
Qn��

xy

�
� ���	��
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uv

��
Qn

xy

�

Figure ��	� shows the initial and �nal analytical distributions� Figure ��	� depicts

computational results obtained for di
erent values of the Courant number� Compared

are the fourth order ����
� and second order accurate spatial methods�

The use of the higher order spatial approximation allowed for reducing the os�

cillatory dispersion error for all considered values of Courant number by eliminating

higher order error terms� which results in more accurate solutions� The developed

theory was shown to be time�space complete with unsteady perturbed PDE forms

reducing to those of the steady�state case via temporal terms reduction� Both second

and fourth order spacial implementations required the same computational e
ort with

more accurate results being obtained at no added cost�

	�	



������ Two�dimensional hyperbolic problems�

The problem of the Gaussian hill distribution probagation with a uniform constant

velocity along the solution domain diagonal was considered� The perturbed PDE

���	�	� reduces to

Qn�� �
	tu

�
Qn��

x �
	tv

�
Qn��

y �
h�	t

�

�
	


	tQ
n��
xx �

	


	tQ
n��
yy

�
�

Qn � 	tu
�

Qn
x �

	tv
�

Qn
y �

h�	t
�

�
	


	tQ
n
xx �

	


	tQ
n
yy

�
���	��

Figure ��	� shows hill distribution on a uniform 
	 by 
	 node mesh at time t � �

and that after 	� time iterations with Courant number set to ��	 using the developed

fourth order space accurate method� The presented computational result demon�

strates a rather unfortunate theoretical consistency� In that� order of the method

increase does not result in accurate solutions for hyperbolic problems requiring other

optimization approaches�

��� Non�linear equation systems�

����� Flows in a converging�diverging nozzle�

To con�rm predicted convergence rates of the developed fourth order method ���	��

������ the model problem ����� was modi�ed to avoid potential di�culties resulting

from the stationary shock wave in the diverging part of the nozzle� Hence� only the

converging portion of the nozzle with the corresponding Dirichlet boundary conditions

	��



was considered in the convergence study� Convergence data for the �ow velocity

computed at the node x � ���� is presented in Table ��

Obtained convergence slopes con�rm the design order of the method� Unfortu�

nately� when applied to the model problem� the numerical solution is divergent for

both methods� This is easily explained by the presence of the normal shock� whose

resolution cannot be improved by increasing the order of the method� This leads one

to look for ways of adapting the designed theoretical procedure to solve the problem

at hand�

Towards this goal di
usive terms of the form

���
��

�x�
� ���

�u

�x�
� �� �

�e

�x�
���	��

were added to their respective equations in both methods� Approximation of these

terms was carried out in a manner consistent with �	�	� and no additional modi�

�cations were made to the developed fourth order system ���	�������� As a result

its approximation order was reduced to that of the second order system� Viscosity

parameter � was varied� in an attempt to make the di
used solution assymptotically

approach solution of the original system ������ Numerical results obtained for both

methods are presented in Figure ��	�� All solutions were computed on a 	�	 node

uniform mesh� Exact analytical solution is shown with a solid line� and numerical

solution is represented by nodal �circle� symbols� The fourth order method results

were computed for � � ���� and the second order method results were computed for

	�




� � �������

The fourth order method solution is clearly unacceptable� and while the second

order method by comparison seems to produce a somewhat better looking solution�

it is still greatly overdi
used and quite modest oscillations can be seen behind the

shock� While one might argue that a uniformly fourth order method could remedy

the situation� all attempts to design one directly following the theoretical procedure

developed herein did not succeed� due to the lack of symmetry in the partial derivative

groups� which was the direct result of adding the di
usive terms� For the uniformly

fourth order approximation to be achieved� it is therefore necessary to search for some

other ideas for implementing this strategy�

Introduction of the substitution ����
� outlined in Chapter � results in improved

solution properties to be illustrated below� To con�rm predicted convergence rates

of the developed fourth order method ���
��� the model problem was again modi�ed

to include only the converging portion of the nozzle� Convergence data for the �ow

velocity computed at the node x � ���� for � � ��	 is presented in Table ��

Computational results obtained for both methods for various values of viscosity

parameter � are shown in Figures ��	� and ��	�� The solid lines indicates the exact

analytical solution� while circles denote the computed nodal numerical solution�

The developed formulation allows for designing a uniformly fourth order approxi�

mation while introducing a stabilizing di
usion mechanism into the original equation

	��



system� As a result� both second and fourth order methods provide excellent resolu�

tion of the stationary shock wave in the diverging part of the nozzle� Both methods

have a signi�cant problem at the nozzle�throat sonic point� and the fourth order

method proves to be somewhat less inaccurate� In agreement with the computational

results obtained for the advection�di
usion equation� the fourth order method solu�

tion is monotone� unlike that of the second order method which develops oscillations

for small values of the viscocity parameter� Figure ��	�� As expected� the smaller the

value of the viscosity parameter �� the closer the numerical solution follows that calcu�

lated analytically� This observation makes monotonicity of the fourth order solution

even more attractive� Both methods become divergent for � � �������

Numerical solution is further improved via spatial �ltering ���
�� algorithm� with

the results shown in Figure ����� Maximum amount of di
usion � � ����� was

used in this case� Note� being more accurate to begin with� the fourth order solution

requires a smaller amount of additional di
usion�

Time�dependent formulation ������ allows one to investigate a genuinly transient

physical problem� Computational results are shown in Figure ���	� with the solid

line representing the exact analytical steady�state solution� and symbols representing

that obtained numerically� Compared are the second and fourth order spatial approx�

imation formulations ������� ����	�� In both cases� time integration is performed via

the second order trapezoidal rule algorithm� Viscosity parameter is set to � � ������

	��



with solutions diverging for smaller values� CFL number was set to ��
 and spatial

�ltering was performed after every time step to promote solution monotonicity�

Employing higher order spatial discretization allows for computing more accurate

solution� which is in an excellent agreement with theory� Higher order accuracy results

in a better resolution of solution characteristics� while requiring smaller amounts

of additional di
usion as provided by spatial �ltering� As a reminder� � � ��� in

������ provides minimum amounts of di
usion� with � � ���� corresponding to the

maximum amount� The sonic�throat point is clearly resolved and the normal shock

discontinuity is acceptably positioned on two nodes by the fourth order formulation�

In turn� the second order formulation remains oscillatory around the shock front

resolved on three nodes signaling the need for more di
usion� which would further

�atten the shock�

While higher order approximation becomes unstable for CFL����� second order

method accompanied by modest amounts of spatial �ltering remains stable for larger

timesteps� allowing one to quickly progress towards the steady�state solution� This

result is illustrated in Figure ����� Solution is computed using the second order

spatial discretization� CFL number is set to ��� viscocity parameter is �������	 and

steady�state solution is achieved in as little as 	� time steps� Here again� solid line

represents the exact analytical solution� While larger amounts of di
usion � � �����

are needed to maintain solution monotonicity in this case� the small number of time

	��



steps helps to somewhat o
set this problem� resulting in a perfectly acceptable two�

node shock resolution� Shock position is clearly a bit o
� but if a good inexpensive

�rst approximation of the steady�state regime is desired� this is one way to achieve

the goal� As always� there is no free lunch�

������ Driven cavity benchmark solutions�

The driven�cavity problem is a well�known validation benchmark problem �Baker�

	��
� Williams� 	��
� Roy� 	���� Cha�n� 	����� The solution domain is the unit

square� with the lid de�ned to slide across the domain at a uniform velocity�

The high order formulation ����
������ developed for the incompressible Navier�

Stokes vorticity�streamfunction formulation was shown to incorporate the fundamen�

tals of the classic TWS analysis� The correction error terms necessary for the appro�

priate order of accuracy are combined via vector analysis to provide the � term of

the TWS formulation� The theoretical analysis results in a highly e�cient dispersion

error control mechanism whose application is based on the speci�cs of the solution

domain discretization and physics of the problem� It is this theoretically sound con�

trol mechanism that distinguishes this development� allowing for selective application

of optimal amounts of di
usion for maximum accuracy as dictated by the high order

accuracy formulation� It is important to note that unlike TWS formulation� present

development also includes the reformulated Poisson streamfunction equation ������

as an integral part of a uniformly high order accurate solution�
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Numerical results for a range of Reynolds numbers are shown in Figures ���
� �����

Compared are GWS� TWS and newly developed high order method formulations�

For a modest value of Re�	��� all solutions are of reasonable engineering quality�

with GWS vorticity solution showing some oscillatory behavior� Oscillations are

signi�cantly reduced via TWS ��term application and are non�existent on the fourth

order method solution�

The picture changes signi�cantly as Reynolds number is increased to 
���� As

shown in Figure ����� GWS and TWS solutions are unacceptably polluted by oscilla�

tions� with high order formulation providing excellent monotone solution on a rather

coarse locally�uniform mesh� This locally�uniform discretization is quantized via the

aPSE notation as X	� �

��� �R	�� ��� 	�R	�� ��� �R	�� 	� � and X�� ��

��� ��R	��

��� 	�R	�� 	� �� which reads for X	� �from � to ���� place � nodes with the progression

ratio of 	�� �uniformly�� from ���� to ���� uniformly place 	� nodes and �nally from

���� to 	�� uniformly place � nodes�� Similarly� notation for X� reads� �from � to

���� uniformly place �� nodes� from ���� to 	�� uniformly place 	� nodes��

The numerical results illustrate a de�nite advantage of theoretically predicted

selective application of numerical di
usion provided by the error correction terms

over the entire solution domain� Note that packing more nodes at the boundaries

of the solution domain would result in monotone solutions for both GWS and TWS

formulations� Of course� the price one pays is the information lost on the interior of
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the solution domain with the discretization nodes migrating to the boundaries�

Importance of considering a uniform high order formulation consisting of the per�

turbed PDEs for both vorticity and streamfunction equations in illustrated in Figures

����� ���� and ����� Figures ����� ���� show the results obtained when the high order

formulation is only used for the vorticity equation while the streamfunction remains

����
�� Solution is comparable to that of the TWS method in Figure ����� In contrast�

Figure ���� shows the solution computed when only the streamfunction equation is

modi�ed with vorticity being calculated via the original equation ������� One may

conclude that for this particular problem class high order modi�cation of the stream�

function equation is more signi�cant as compared to that of the vorticity equation�

but both are required for a consistent high order formulation�

Results from the uniform mesh convergence study conducted for stream�function

variable in energy norm using both GWS and high order formulation with Re�	�

and Re�	�� are shown in Table �� All solutions were time�iterated to steady�state�

Obtained convergence data indicate near�second order convergence for both methods

re�ecting time�integration second order of accuracy� While the nominal order of accu�

racy in the high order formulation is reduced� the desirable performance trends of the

high order method is nevertheless preserved� This is seen from the convergence data

obtained for Re�	�� on coarser ���� and 	��	�� discretizations� Consistent with

the results reported for the model advection�di
usion problem� high order formula�
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tion achieves monotone solutions on coarser meshes resulting in higher convergence

rates and more accurate numerical results� The convergence data computed for the

high order formulation illustrates the relative importance of the terms neglected in

designing the continuous vector form of the perturbed PDE in ������� These terms

are of greater signi�cance when dealing with low Reynolds number �ows� resulting

in lower convergence rates� When Reynolds number increases� the convergence rate

improves due to the diminished contribution from the neglected terms�

The accuracy of the GWS� TWS and high order formulations was tested by com�

paring their respective numerical solutions to �ne�mesh benchmark results established

on a ������� mesh by Ghia et� al� �	����� Table � summarizes driven cavity bench�

mark data comparisons� For the purpose of obtaining near�monotone solutions for

all considered methods� uniform 

�

 node discretization was used for Re�	���

���� 	���� while the locally�uniform discretization quantized as X	� �

��� �R	�� ���

	�R	�� ��� �R	�� 	��� X�� ��

��� 	�R	�� ��� 	�R	�� 	�� was used for Re�
���� The

study compares the maximum values of the stream�function variable achieved over

the entire solution domain ��max� together with the values of the vorticity variable

computed at the same nodal location� as produced by the considered methods� For

consistency� the TWS � parameter was set to ��� in all computations� High order

and GWS formulations yield similar results with high order method being consis�

tently more accurate� The TWS method results are overdi
used via the � parameter
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selection for Re�	��� ��� and produce accurate results for Re�	����

Overall� the numerical results obtained for the driven cavity benchmark problem

con�rm the advantages of using the developed uniform high order formulation� It

allows for achieving monotone accurate numerical solutions on coarser discretizations

as compared to GWS and TWS methods� This preserves the high order solution

trends illustrated for the model advection�di
usion problem and provides for a better

resolution of the interior of the solution domain� The application of the correction

error terms developed herein is governed by physics of the problem and does not

require many a knob and several a switch to run the problem�
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Chapter �

Summary and conclusions�

A new approach to designing high order accurate CFD methods has been devel�

oped and tested for a range of problem statements including compressible Euler and

incompressible Navier�Stokes equation systems� The systematic construction of pro�

gressively higher order spatial approximations is achieved via a modi�ed equation

analysis� which allows one to determine the computational stencil coe�cients appro�

priate to a desired accuracy order� The resulting high order error correction terms

are shown to be consistent with the � term characteristic of the TWS �nite element

formulation� This con�rms the expected high order of spatial accuracy in TWS con�

structions and provides a highly e�cient dispersion error control mechanism whose

application is based on the speci�cs of the solution domain discretization and physics

of the problem�

Theoretical development utilizes fundamentals of the �nite element weak state�

ment formulation� and truncation error analysis� to characterize error in the numeri�

cal solution process� It then o
ers a computationally inexpensive way of constructing

equation speci�c higher order approximations� A distinguishing desirable property

of the developed method is solution matrix bandwidth� which always remains equal

to that of the second order discretizations� This permits combining the computa�

tional e�ciency of the lower order methods with superior accuracy inherent in high
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order approximations� Generality of the underlying principles is shown to provide

a natural transition of the concepts derived for one�dimensional steady�state case to

multi�dimensional and unsteady problems� The perturbed PDE analysis is further

demonstrated to be widely applicable to Navier�Stokes non�linear equation law sys�

tem� with the theoretical development yielding the continuous vector forms needed

for the appropriate error corrections�

Numerical simulations compare performance of the developed method to that of

the GWS and TWS formulations� Uniform mesh re�nement convergence results con�

�rm the order of truncation error for each method� High order formulation is shown

to require signi�cantly fewer nodes to accurately resolve solution gradients for con�

vection dominated problems� Benchmark problem applications for the compressible

Euler and incompressible Navier�Stokes equations complete the manuscript� In both

cases the developed high order formulation is shown to result in more accurate solu�

tions on coarser discretizations� thus preserving the design trends illustrated for the

model advection�di
usion equation� The theoretical development is therefore com�

plete�
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Figure ���� 	D Stationary wave problem� solution dependence on Nnode� � � ����	�

High order and GWS performance comparison�
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Figure ���� 	D Unsteady problem� solution behavior at small �� C�	� High order

and GWS performance comparison�
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Appendix IV

Model �le for the high order formulation
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Appendix V
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