
FSNS.1 Free-Surface Hydrostatic Fluid Mechanics

 
 

 
  

Tidal, unsteady free-surface flows described by Reynolds-averaged INS
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FSNS.2 Free-Surface INS, PDE + BCs Well-Posedness

 
 
 
 
 
 

 
 
 
 
 

 
 

  

FSNS conservation principles form is ill-posed EBV
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Well-posed resolution is to append H.O. DPz and migrate to PPNS algorithm 
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Closure for turbulence is typically the k-ε model
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FSNS.3 Depth-Averaged Hydrostatic Free-Surface Flows

 
 

 
  
 
 

 
 

 
 

 
 
  

In many instances, depth-averaged description suffices
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FSNS.4 Depth-Averaged FS INS, Closure Models, BCs

 
 

 
  
 
 
 
 

 
 

  

Stress tensor τij closure models
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FSNS.5 Depth-Averaged FS INS, Non-Dimensionalization

 
 
  
 
 
 
 
 
 
  

D epth-averaged, free-surface IN S partially-parabolic non-D  PD E system

( ) ( )

( ) ( ) 0ReReδ
3
2τ)τ(:D τ

0CC
Pr

ReC
Pr
1

Re
1)(:D

0τ
Pr
Re

Pr
1

Re
1)(:D

0ττ
Re
1eCoρ

2Fr
1b

Fr
1δ

2Fr
1SRe1

Re
1)(:D

0β)(:D

2
21

2

2
D

2
b

2
2

1

=∂∂+∂∂+−=

=
ε

+
∂
∂

ε
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
ε∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−ε

∂
∂

+
∂
ε∂

=ε′′

=ε+
∂
∂

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

∂
∂

+
∂
∂

=′

=−−+
∂
∂

+
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛ ++−

∂
∂

+
∂
∂

=

=
∂

∂
+

∂
∂

=

εε
ε

ijji
t

ijijijij

j

i
ij

j
t

t

j
j

j

i
ij

jt

t

j
j

ibisjij
ii

ijij
t

ij
j

i
i

j

j

xuxuk

kx
uk

x
u

xt
E

x
u

x
kku

xt
kkE

u
x

h
x

hhmu
xt

mm

x
m

t
hhM

L

L

L

L

L

τ

P

reference length scales: depthflowζspan,verticalHspan,transverseL rrr ===

 non-D  groups:

dim
t

rr

rr

00r00D

rrb

rr

rr2

rr1

)υυ(numberReynoldsturbulentRe

υnumberPrandtlPr
υLUnumberReynoldsRe

UfLnumberCoriolisCo
ρ)ρρ(,FrnumberFroudecdensimetriFr

LUnumberFroudescalelengthFr

HUnumberFroudescaledepthFr

LHscalelengthrelativeβ
ζH scaledepthrelativeβ

==

==
==
==

−=εε==

==

==

==
==

t

p kc

g

g



FSNS.6 Free-Surface INS, Non-Dimensional PDE System

 
 

 
  

Pressure projection free-surface hydrostatic flow PDE system
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FSNS.7 Divergence Form for Depth-Averaged FS INS

 
 

 
  

Sole new conservation law statement is depth-averaged DM + DP 
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FSNS.8 GWSh + θTS for Depth-Averaged FS INS

 
 

 
  

Approximation: 
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FSNS.9 Depth-Averaged Hyperbolic PDE Verification Problems

 
 

 
  

Hyperbolic PDE forms for critical flow verifications, n = 1, fv = 0

Hyperbolic divergence form
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Modified PDEs for TWSh application require flux vector jacobians
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FSNS.10 TWSh + θTS for TS-Modified n = 1 Hyperbolic FSNS

 
 

 
 

Modified hyperbolic divergence form for primitive form β-term 
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FSNS.11 Depth-Averaged TWSh + θTS, Newton Template, n = 1
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FSNS.12 Verification, Depth-Averaged Flows Over a Bed Profile, n = 1

 
 

 
  

Analytical solution = f (h in, Frin)
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FSNS.13 Verification, Depth-Averaged Flow Hydraulic Jump, n = 1

 
 

 
  
 
 
 
 

 
 

 
  

Supercritical onset flow  m ay create a hydraulic jum p

TW S h β  solution, inviscid flow , C z ≡  0
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FSNS.14 Verification, TWSh+θTS, Free-Surface Flow On Bed Profile

U

 
 

 
  

Free surface flow PPNS validation, laminar flow over bed profile

TWSh + θTS solution, steady-state, βq = {0.1, 0.1, 0, 0} 
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FSNS.15 Turbulent Depth-Averaged Free-Surface Flow TWSh + θTS

 
 

 

Partially-parabolic conservation PDE system given on FSNS.5
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FSNS.16 Application: TWSh + θTS, Depth-Averaged Channel Flow

 
 

 

Channel specifications

TWSh steady turbulent flow solution:
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FSNS.17 Depth-Averaged TWSh + θTS, unsteady Tidal Flow Simulation

 
 
 

Tidal flow simulation about cartesian and tear-drop surface penetration islands 
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59×37 3×6 20 3×6 20 uniform normal  

resolution, half-domain

Simulation graphics (aPSE page)



FSNS.18 Mesh Adequacy Assessment Via Color Graphics

 
 
 
  
 
 
 
  

CFD data interpretation employs high performance color graphics

color “diamonds” ⇔ Ωh resolution inadequate!

Onset high tide, Ωh = 332 Onset slack tide Reverse slack tide

Tangential refinement, Ωh = 43 × 55 Normal refinement, Ωh = 43 × 55



FSNS.19 Mesh Adequacy Assessment Via Color Graphics, Cont’d

 
 

 
  
 
 
 
  

Half-cartesian island, “double” mesh refinement, Ωh = 59 × 37

Onset tidal cycle, surface elevation on streaklines, t = 10,900s, 13,400s, 17,500s, 21,600s 

Tear-drop island tidal cycle (aPSE page)



FSNS.20 Depth-Averaged TWSh + θTS, Unsteady Tidal Simulation

 
 

 
  
 
 
 
  

Tidal flow over sea bed excavation, onset flow at 45°

Extremum variations, Ωh = 332 non-uniform
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Bed topology on h(0)

Vertical flux, m2 = u2h Free-surface, ζ Froude No.

 



FSNS.21 Free-Surface TWSh + θTS, Bed Excavation Flowfields

 
 
 
  

 
 

 
  

Non-tidal turbulent free-surface flow over a bed excavation, PPNS algorithm 

Nearfield velocity on Reynolds τ12

Bed excavation profilesexcavation depths:  6.5, 13, 26 meters 
 onset steady flow:  Fr = 0.1, hin = 20 m
         domain span:  100 × 1100 m 

Farfield velocity on TKE

Excavation unsteady flowfield (aPSE page)



FSNS.22 Summary: Free-Surface Hydrostatic Flows

 
 

 
  
 

 

 
  

Tidal, unsteady free-surface flows characterized by Re-averaged INS
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TWSh + θTS algorithms developed for both forms 
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Computational experiments confirm TWSh + θTS robustness

time-accurate unsteady capabilities 
TWSh β-stability is phase selective 
verification and benchmark problems illustrated


