
PNS.1  Aerodynamics, Constitutive Closure Models
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PNS.2 Compressible Navier-Stokes, Aerodynamics Simplification
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farfield  described  by steady poten tial flow  ⇒  u  =  -∇φ  

B ernoulli p ressure

C onservation  princip le sim plifications

aerodynam ic shapes 
     flow field  is un i-d irectional 
     farfield  is undistribu ted  
large R eynolds num ber, R e/L  >  10 6 

     v iscous effects strictly  local 

D M : ∇ ⋅ρ(u) ⇒  -∇ ⋅ρ(∇φ) = 0  
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nearfield  D M  +  D P  can  be R e-ordered  
                ⇒  boundary layer form  of N -S  



PNS.3  Aerodynamics – Potential Flow

 
 
 
   

Inviscid, irrotational steady flow 
 
     
        
  
  
 
         
  
 
 
 

       
  
 
 
     
  

subsonic – transonic – supersonic:  Mach ≡ M = TγRU2
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PNS.4  Aerodynamics, Weak Interaction Theory
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F a r f i e l d ,  s u b s o n i c - t r a n s o n i c  p o t e n t i a l  f l o w  a s s u m p t i o n  
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Nearfield, boundary layers wash aerosurfaces

DM : 

DE : 2/ρ)( δ φ∇⋅φ∇−= ∞pp x

viscous, turbulent effects dominate

0=⋅∇ u

DP : Tuu ∇+∇
−
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in the region yb (x) ≤  y (x) ≤  δ (x)

δ  (x) ≡  boundary layer thickness 
     T  = viscous + turbulent effects 
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PNS.5  Aerodynamics, Boundary Layer Flow

 
 
 
   

R e y n o l d s  o r d e r i n g  o f  N a v i e r - S t o k e s ,  s u b s o n i c ,  n  =  2  
 
      
       
  
  
 
         
  
 
 

 
    

known scales: 

non-D ordering: 

DP: 

U∞, L, δ(x)

u/U∞ ≈ O(1), x/L ≈ O(1), δ/L<< O(1)
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PNS.6  Parabolic Navier-Stokes, Boundary Layer Form

 
 
 
   

x x + ∆x 
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DPy: 

DM : 

pressure through BL is constant 
          ⇒  P(x) from potential farfield DM

DPx : ∂2u/∂x2 is O(δ2), hence negligible, Re = O(δ-2) >>1 
           ⇒  parabolic PDE on x ≥ x0,   0 ≤  y ≤ δ(x) 

∂v/∂y = - ∂u/∂x, hence initial value on 0  <  y ≤ δ(x)
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PNS.7 GWSh + θTS for Laminar-Thermal BL
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PNS.8 GWSh + θTS BL {F(Q)} Completion
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PNS.9 GWSh + θTS BL Algorithm Jacobian
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PNS.10  FVSh + θTS BL Algorithm
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PNS.11 GWSh, FVSh + θTS for BL, Accuracy/Convergence
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theory: 2

1H0
32

2L
2 )(CdataC)( xUxxne x

k
eE

h ∆+≤∆ l  

data: 

!constantd)d/d(d)()(

)(d)d/d(data

2
0

2
0

2

1H0

22

2L

⇒+=

==

∫∫
∫

ΩΩ

Ω

yyUyUxU

xfyxp

  IC: ⇒ must be mesh independent

Convergence, optimality (Ch.6, 1983)

GWSh, {Nk}, 1 ≤ k ≤ 3 GWSh optimality, {N1} Regular non-uniform Ωh refinement, f(x) > 0,  f(x) < 0 

 

GWSh

←

FVSh

→



PNS.12 GWSh, FVSh + θTS for BL, Accuracy Nuances

 
 
 
   
 

{U(n∆x)} profiles for Re GWSh optimality Thermal BLs 

Solution mesh adaptation GWSh convergence GWSh verification



PNS.13 Boundary Layer Flow, Turbulence
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BL form of NS valid only for Re >> 1 
 
      
       
  
  
 
         

  
 

 
 

 
    

aircraft Mach U∞ (m/s) L (m) Re Re/L 
commuter 0.3 125 10 3E07 O(E06) 
wide body 0.9 250 40 2E08 O(E06) 
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PNS.14 Turbulent Boundary Layer, Reynolds Stress
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PNS.15 Boundary Layer Flow, Turbulence Modeling
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PNS.16 GWSh + θTS, Turbulent BL, MLT Closure

 
 
 
   

 
  
    
   
 
  

 

 
 
  

Turbulent BL conservation law form , tim e-averaged q(x ,y), M LT
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PNS.17 GWSh + θTS Template for Turbulent  BL, MLT Closure

 
 
 
   

 
  
    
   
 

 
  
 

 
  

Laminar template pseudo-code modifications are modest
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PNS.18 GWSh + θTS Performance, Turbulent BL, MLT Closure
 

 

 

 
Accuracy,  convergence,  regular  non-uniform Ωh  refinement  
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PNS.19 GWSh + θTS Validation, Turbulent BL, MLT Closure
 

 

 

 
Boundary layer theory employs many integral “norms”  
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PNS.20  Turbulent Boundary Layer, TKE Closure
 

 

 

δ(x)

x

y

 
T u r b u l e n t  k i n e t i c  e n e r g y - i s o t r o p i c  d i s s i p a t i o n  c l o s u r e  m o d e l
  
 eddy viscosity: 

( ) ( ) jk
j

i

k

i

t

x
u

x
uvwwvvuuk

k

δ
3

2
2
1

2
1

09.0C,Cυ
''

''''''''

2

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

∂
∂

≡ε++=⋅≡

=ε≡

uu

µµ

L (k, ε) conservation PDEs, non-D BL form

0Cτυτ)τ(

0CτC
C
Re1

Pe
1)ε(

0τ
C
Re1

Pe
1)(

2

µ121212

2
12

1

12

=
∂
∂

ε
+=

∂
∂

+=

=ε
ε

+
∂
∂ε

−
∂
ε∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

∂
∂

−
∂
ε∂

+
∂
ε∂

=

=ε+
∂
∂

−
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

∂
∂

−
∂
∂

+
∂
∂

=

εε
ε

y
uk

y
u

ky
u

kyyy
v

x
u

y
u

y
k

yy
kv

x
kuk

t

t

k

t

L

L

L

TKE model adds non-linear parabolic PDE + BCs + IC pair

BCs: 

0,

)0,(,0)0,(

)(δ

=
∂
ε∂

∂
∂

∞<ε⇒=ε==

≥ xy

w

yy
k

yxyxk

IC: ),(?),( 00 yxyxk ε==



PNS.21  TKE for Turbulent BL, Near-Wall Corrections
 

 

 

 
TK E c losure  m odel  requires  near-wal l  correct ions   
 

low Ret closure model constant modifications (Lam-Bremhorst)
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PNS.22 Turbulent Boundary Layer Similarity
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example: IDENT 2400 boundary layer
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Summary; turbulent BL similarity



PNS.23 GWSh + θTS Template, BL, TKE + Low Ret

 
 

 

 
Template pseudo-code modifications ({FV}e  unchanged)   
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PNS.24 GWSh + θTS TKE BL, Quasi-Newton Jacobian
 

 

 

 
Size,  deeply embedded non-linearity precludes Newton   
 
 
 
 
  

quasi-Newton 
 jacobians: 
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0JVV,JVU,
JUT,JUV,JUU

solution sequence: {δU, δV, δT}p+1 unchanged from laminar, MLT
 update {U, V, T} p+1 
{δK, δE, δTxy}p+1 uses {U, V, T} p+1 
 update {K, E, T} p+1 
 index p, return to {δU, δV, δT} p+1   

oscillating convergence: use {RETN} in {FU, FT}p 
use {UN, VN} in {FK, FE, FTxy}p

[JAC]e for {FU, FV, FT} are unchanged 
[JAC]e for {FK, FE, FTxy} fully utilizes chain rule

templates: 



PNS.25 GWSh + θTS TKE Closure Jacobian Coupling
 

 

 

 
Jacobian coupling for convection terms is  unchanged   
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PNS.26 GWSh + θTS TKE Closure Jacobian Coupling
 

 

 

 
Continuing with jacobians   
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PNS.27 GWSh + θTS TKE BL, Accuracy, Validation
 

 

 

 
V a l id a t io n ,  B r a d s h a w  I  2 4 0 0  e x p e r im e n t ,  R e /L≈ 1 0 5   
 
  
 
 
 
 
 
 
 
 
 
 
 
  

MLT, TKE closure solutions BL integral norm evolutions



PNS.28  Aerodynamic Trailing Edge Turbulent Wake
 

 

 

 
Reynolds-ordered PNS PDE+BCs for merging BLs   
 
  

 
 
 
 
 
 
 
 
 

 
 

Problem statement geometry BL ⇒ PNS theory modifications

DM BCs not valid for ODE on {V(y)} 
     ⇒∇⋅u = 0 is now a differential constraint
DPx remains as developed 
DPy still O(δ), but must be included for BCs
DK, DE remain as developed 
∇⋅DP yields pressure Poisson equation 
    ⇒ complementary + particular solutions 

BL distributions merging at TE
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PNS.29 GWSh + θTS Validation, Turbulent BL ⇒TE Wake
 

 

 

 
B L  ⇒  w a k e  e x p a n d e d  o r d e r s  f o r  R e y n o l d s  s t r e s s e s   
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PNS.30 GWSh + θTS Validation, Turbulent BL ⇒TE Wake

 
 

 

 
 
GWS h+θTS BL comparisons,  0 .90 ≤  x /chord ≤  0 .998   
 
  
  
 
 
 
 
 
 
GWS h+θTS PNS wake comparisons,  1 .00 ≤  x /chord ≤  1 .099  
 
 
   
 
  



PNS.31  Unidirectional 3-D Aerodynamic Viscous Flows
 

 

 

 
3 - D  e x t e n s i o n s  i n c l u d e  j u n c t u r e  r e g i o n ,  d u c t e d  f l o w s   

 

  
 

 
 

 
 

 
 
 

flow  geom etries 

PN S-ordered  R eynolds stress tensor 

3D  PN S, Favre tim e-average 
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PNS.32 GWSh + θTS 3D PNS Algorithm, Validation
 

 

 

 
3D PNS algorithm based on a  pressure-project ion algorithm   
 
  
 
 

 
 

 
 
 
 
 
 
 
 
  
  
 
 
 
 

3D square duct flow, BCs
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PNS.33  Summary, GWSh + θTS for Parabolic Navier-Stokes

 
 
 
   

A e r o d y n a m i c  f l o w s  ⇔  w e a k  i n t e r a c t i o n  
 
     
         
  
  
 
         
 
 
 

 
      

  
 
 
     
  

GW Sh + θTS algorithm performance for PNS equations

streamline shapes 
     flowfield is uni-directional 
     pressure impressed from farfield 
large Reynolds number, Re/L > 106 

     viscous-turbulent effects strictly local 
     admits parabolizing steady NS equations 

2

1H0
32

2L
2 CdataC)( qxhxne x

k
eE

h ∆+≤∆

linear asymptotic convergence theory confirmed appropriate, 1 ≤ k ≤ 3 FE bases

GWSh solution optimality verified in comparison to FVSh options
MLT & TKE turbulence closure models, including low Re t 
algorithm non-linearities template defined via hypermatrices  
validation exercises completed, n = 2, 3 
 non-linear algebraic Reynolds stress tensor 


