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SVNS.1 Isothermal INS, Streamfuction-Vorticity, n = 2



SVNS.2 GWSh, Streamfunction-Vorticity INS, n = 2
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SVNS.3  GWSh Details, Streamfunction-Vorticity INS
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SVNS.4  Newton Template, INS (ωh, ψh) GWSh

 
 
 
 
 
 
 
                   
 
                                                                    
 
  
 
 
 
 
 
  
 
 
 
 
  
  
 
 
 
 
 
 

GWSh + θTS ⇒ Newton iteration algorithm 
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SVNS.5 INS (ωh, ψh) GWSh {FQ}e Template, {N1
+(η)}
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SVNS.5A  INS (ωh, ψh) GWSh {N1} Bases Convection Matrices
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SVNS.6  INS (ωh, ψh) GWSh Template Completion

 
 
 
 
 
 
 
                   
 
                                                                    
 
  
 
 
 
 
 
  
 
 
 
 
 
  
 
 
 
 
 
 
 

Newton jacobian formed via differentiation
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SVNS.7  INS Intrinsic Variable Recovery from (ωh, ψh)
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SVNS.8  Pressure Recovery from (ωh, ψh)

 
 
 
A well-posed laplacian PDE is generated via ∇⋅DP
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SVNS.9  GWSh Algorithm Benchmark for (ωh, ψh)
 
 
 Classical 2-D benchmark, steady-state driven cavity 

state variable: Thhhhh ppstq },,,ψ,ω{),( uux =
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Problem geometry

Computer lab 4, accuracy/stability as f (Re, Ωh)

Re = 100, Ωh uniform Re = 2000, Ωh uniform Re = 2000, Ωh non-uniform



SVNS.10  Driven Cavity, Auxiliary GWSh Performance

 
 
 Pressure distributions, PCG solver, no Dirichet BCs

Re = 100, Ωh uniform Re = 2000, Ωh uniform Re = 2000, Ωh non-uniform

u velocity distributions Newton iteration convergence



SVNS.11  GWSh INS (ωh, ψh), Accuracy, Convergence, Optimality

 
 
 Theoretical asymptotic error estimate
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Driven cavity, Re = 100, 162 ≤ M ≤ 642 uniform Ωh, steady-state

Extremum Nodal Psi and Omega  
Ghia, Ghia and Shin 

(1982)  
TWSh (Noronha, 

1989)  GWSh  TWSh (Kolesnikov, 
2000)  Re 

|Psi|max |Omega| |Psi|max |Omega| 
Re 

|Psi|max |Omega| |Psi|max |Omega| 
100 0.103423 3.16646 0.10378 3.2990  100 0.100544 3.33963 ----  ----  

400 0.113909 2.29469 0.11473 2.3212     ----  ----  ----  ----  

1000 0.117929 2.04908 0.11905 2.1107  1000 0.117060 1.98391 ----  ----  

3200 0.120377 1.98860 ----  ----  2000 0.119834 1.89343 0.127008 2.08944 

GWSh optimality, 100 ≤ Re ≤ 1000



 
 
 
   

 
 
 

 
 
                                    
 
 
 

Driven cavity GWSh solutions suffer dispersion error at larger Re
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SVNS.12 TWSh for INS (ωh, ψh), Stability, Monotonicity



 
 
 
   

 
 
 

 
 
                                    
 
 
 

Limiting attention to the steady-state solution 
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SVNS.13 TWSh + θTS (ωh, ψh) INS Algorithm



 
 
 
   

 
 
 

 
 
                                    
 
 
 

TS generated the β term leading to

TS operation on x rather than t for steady-state INS leads to
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SVNS.14 TWSh (β) (ωh, ψh) INS Template Options



 
 
 
   

 
 
 

 
 
                                    
 
 
 

TWSh (β) solutions, uniform M = 322 Ωh, Re = 2000, 0 ≤ β ≤ 0.8

 

non-uniform Ωh Pr vs. β

SVNS.15 TWSh + θTS (ωh, ψh) INS Algorithm Stability



 
 
 
   

 
 
 

 
 
                                    
 
 
 

Employ r mesh refinement with β = 0.6 ⇒ optimal mesh solution

  

SVNS.16 TWSh (β) (ωh, ψh) INS Monotone Optimal Solution



 
 
 
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
  

                                    
 
 
 

• developing duct flow

Benchmark problem, n = 2, {N1(ζ)}:

• step-wall diffuser 
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SVNS.17 GWSh (ωh, ψh) Algorithm, Benchmark, Validation



 
 
 
   

 
 

 
 
 
 
 
 
 
 
 

 

SVNS.18  GWSh (Ωh, uh) Benchmark, n = 3, {N1
+(η)}



 
 
 
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

                                    
 
 
 

INS applicable to buoyant flow simulation via Boussinesq
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Thermal effect closure, non-D groups
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SVNS.19 Thermal INS, (ωh, ψh) Natural-Mixed Convection



 
 
 
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 

Natural convection is missing the velocity scale U

potential scales: viscous balance ⇒           U ≡ υL-1 
thermal balance ⇒           U ≡ k/ρcpL 
    work balance ⇒ 1/2ρ0U2 ≡ FbuoyL = ρ0gβ∆TL

resultant non-D groups become

balance U Re Gr GrRe-2 Pe 
viscous υL-1 1 • Gr Pr 
thermal k/κ Pr-1 • PrRa 1 
work βL∆Tg Gr  • 1 Pr Gr  
work • PrRa • 1 PrRa

notes: Ra is quite often the reference state of choice 
           non-work scale places large (!) coefficient on DP source

SVNS.20 Thermal INS, non-Dimensionalization



 
 
 
   

 
 
 

 
 
 
 
 
 
 
 
 
 
 

GWSh + θTS ⇒ Newton statement

A quasi-Newton approximation responds to the zeros in [JAC]
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convergence robustness depends on Ra and/or Gr/Re2 

SVNS.21 Thermal INS GWSh + θTS for (ωh,ψh,Θh)



 
 
 
   

 
 
 

 
 
                                    
 
 
 

Isotherm distributions, uniform M = 322 mesh, 103 ≤ Ra ≤ 106

Norm equalization, “best mesh solutions, M = 322 meshes, Ra = 106

 

 

SVNS.22 Thermal INS GWSh (ωh, ψh,Θh) Algorithm Performance



 
 
 
   

 
 

 
 
 
 
 
 
 
 
 

SVNS.23  Thermal INS GWSh (Ωh, uh) Performance, n = 3


