SVNS.1 Isothermal INS, Streamfuction-Vorticity, n = 2

Forn=2: u:waﬁand w=Vxu-k

DM:  V.u=V.Vxyk=0 identically

A

k-VxDP:  o,+Vxyk-Vo-Re' Vio=0
kinematics: ), =V xu-k=VxVxyk-k=-V?y

INS DM + DP = well-posed PDEs + BCs + IC:

L(co):(%z)/@t+V><\|/lA<.Vco—Re‘l Vo=0
L(y)=-V'y-0=0

8gzin : U(y, Xin) — O‘)in o \Vin

GQOm : n- V((D, \I]) =0 H__::::::::::/\r; ------------ S e >
——P e T TTTeeee Sl

o0Q ... W=y, =constant e > z

n-Vo=f, (y,0) N S




SVNS.2 GWS", Streamfunction-Vorticity INS, n = 2

Galerkin weak statements:

for a" (%, y,t) =D ¥, (x)Q, (1), q={o,y}

GWS" (0)= [ ¥, ()L (")dr= [ ¥,[00" /ot +Vxy"k Vo ~Re V0" |dr
= [MASS ]d{OMG }/dt + {RES(y",Re)} + BCs = {0}
GWS" (y) = jQ W, L(y")dt = jQ ¥, (-V2y" —o")dt = [DIFF]{PSI } -[MASS]{OMG } = {0}

GWS" + 0TS produces algebraic statements

{FOMG } = [MASS ]{AOMG } + At([CONV (y" )]+ Re"'[DIFF] fOMG }, + BCs
(FPSI} = [DIFF]{PSI} ~[MASS]{OMG } + BCs

thus: GWS"= GWS"=S{WS}.= {0}

(WS (0")}, =[B200].{AOMG } + At(Re '[B2KK ], {OMG }, + {PSI}! [B3K 0K ]_.{OMG },
+Re'[A200], { f,(y",®"},),
{WS(y")}, =[B2KK ]{PSI}, —[B200],{OMG }, +[A200],{U,},



SVNS.3 GWS" Details, Streamfunction-Vorticity INS

GWS" for ®" involves V x \|11A< Vo

OIN}T

oy OX OX oy OX

=[B3Y0X], —[B3X0Y],

Vixyk Vo= 0N g3k = [ {%{N}G{N}T 0N}

Vorticity Robin BC generated from kinematics and TS

2 2 2
L(y)=-Vy-o= oy _9 W—co:O:>d LA

os*  on’ dn’ By
TS: d d2 ‘ A 2 3 ‘ 3
Y y| An” dy| An 4
AN)=wv_ +— An+ + +0O(ANn
WA=y, an,” dn’| 2 d’| 6 (an)

=y, +U, An—w An’/2—(dw/dn), An’ /6

BC:  /(w)=Vo-n+@3/AnNo—(6/An*)U_ +(6/An*)Ay, =0

OX

V(y)

N}

} dxdy



SVNS.4 Newton Template, INS (0", y") GWS"

GWS" + 0TS = Newton iteration algorithm

[JACIEQ}™" =—{FQ}" < S, ([JAC], Ji5Q}™" =S, ({FQ}. )
Template pseudo code notation convention

{WS( -)}e = (const) (avg)e{dist}e(metric;det)[ Matrix]{Q or data}

Diffusion term in {WS}.,,n=2,3,1<(,J,K)<n,n+1
[DIFF], = CONST COND, ETJI, ETKI, DET," [M2JK]

single array metric data ordering, {N"(n)}, {N({)}

o o1 2 3
1 2 1 2 3
1 2 4 5 6
n=2,3: ETKI = L 13 4] ;|4 5 6|,
3 4 7 8 9
™15 6 7 8 9
- Towe L ™10 11 12




SVNS.5 INS (", y") GWS" {FQ}, Template, {N,*(n)}

{FOMG}, =[B200], {AOMG}, + At(({PSI}] [B3K0K], + Re '[B2KK],) {OMG}, ),

= ¢ [B200]{AOMG}, + At[ {PSI}T (12-21~11-22), DET.'[B3102] {OMG},
+{PSI (22-11-21-12), DET,'[B3201] {OMG},
+Re ™ (EJI - EKI),[B2JK]{OMG} + {BC}. ],

= ()( ){ 1(0: D[B200]{OMGP — OMGN}

+[(At)( ){PSI}(23—14;~1)[B3102] {OMG}

+(AD)( ){PSI}(41-32:—1)[B3201]{OMG}

+(ALRe ™) )4 M (1122:-1)[B211]+ (3344;—1)[B222]

+(1324:-1)[B221] + (3142;~1)[B212]] {OMG}
+(At,Re™)( ){ }(0; )[A200]{/(w)} ],

(FPSI}, =[B2KK], {PSI}, —[B200], {OMG}, +{BC},
= ()()f M(1122; = D)[B211]+ (3344;—1)[B222]
+(1324;-1)[B221]+ (3142;-1)[B212]]{PST}
+(=)( ){ }(0; D[B200]{OMG} +( )( ){ }(0; D[A200]{U }




SVNS.5A INS (0", y") GWS" {N.} Bases Convection Matrices

GWS" for Vxyk-Vo generates skew-symmetric hypermatrix

for {N(Q)}, any Qe: (0] (-1 7
1 0 -1
-1 1 0
0 -1 1 y
B3kokL] =14 1t 4 ol J-
1 1 0
0 -1 1 3
1 0 -1
-1 1
for {N;"(¢)}, parallelogram Q: [ g -2) [ _21 7
0 1l
_2 0
o (- 1
note: for both basis forms _21 - _0
(WS(Vx¥".-V)}, = f(det,) [B3KOKBL]=% ‘é .

—
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SVNS.6 INS (0", y") GWS" Template Completion

Newton jacobian formed via differentiation

acy, = 2 :{[JQQ] : [Jﬂw]}

0Q}, | [IvQ] , [Jwy]

Jacobian template pseudo-code, compressed essence

_ O{FOMG}, _ } )
100], = STV = [B200L, +(0AL Re™)( ){ J(-DIB2KKL |
+ (OAL)( ){PSI}e(—l)[B3KOK]e[ ]+ (BAt, 3/An,Re‘1)( ){ Y[A200][ ]
_ A{FOMG!, 5
[10y], = =77 = (AN J{OMG}, (-DIB3KOKTL[ 1-(0AL, 6/An’,Re”)( ){ }(D[A200
_ 5{FPSI}€ .
[yl = 2B = (DO JOB200I ]
], = ZEPSDe _ 3y s CBakK[ ]

~ O{PSI},



SVNS.7 INS Intrinsic Variable Recovery from (", y")

Velocity vector field computable via 2 kinematic relationships

vorticity: Vxok=VxVxu-k=Vu

PDE: L(u)=-V’u+Vxok=0
BCs: /(u)=au+bVu-n=0
GWS": {FU} =[B2KK]{UJ} +[B201]{OMG}, J # |

streamfunction:  L(u)=u—Vxyk =0

GWS": {FU} =[B200]{UJ} +[B20K]{PSL}, J =K

data: u=0 on no-slip walls
GWS" template pseudo-code essence

FUVIE, = ()1 JG-DIBZKK UV, +()( )1 §(;0)[B202], {OMGj,
FUV2E, = ()1 JG-DIB2ZKK ] {UV2, +(=)( )1 1 (0)[B201],{OMGj,
{FUSI}, = ()( )1 3(0:D[B200]{USI}, +( )( )i 1(;0)[B202],{PSI},
{FUS2}, = () )i 3(0:D[B200]{US2}, +(=)( )i +(;0)[B201], {PSI},



SVNS.8 Pressure Recovery from (o"

, W)

A well-posed laplacian PDE is generated via V-DP

DP: L(u )_aiJri uju; + 1 — pd; - Lo |, Gr2®@i:0
ot Ox, Po Re 0x; | Re

v.op: 2 L)=—2 Lalo+ujaui+ Grz 6,0 |=0
OX X% | Py OX, OX; Re

GWS" (V-DP) = j ¥, iL(ui)dr =0

(1 6p aui Gr g@] &m\y( 1 o°u,

Q Ox, kpo 8X . OX; "R
GWS" = {FP} :i[BzKK]{P}+{UJ}T[B30|J]{U|}+%[Bzo|]{T}gi
e

Po

Re 8XJ2

iE L[AZOO] {AUI}A, + L[A21 11{Ul}-A, —BCs
At Re

iJ-ﬁidG

note: {WS(BC)}, =—Re”' [ {N}V’u, A do=Re" [ V{N}-V{N}"do{UINI}, —{N}Vu,-A[ |



SVNS.9 GWSh Algorithm Benchmark for (o", y")

Classical 2-D benchmark, steady-state driven cavity

state variable:  q(x,t) = {o",y",us",up”, p"}’ Problem geometry

Velocity Prefile
. Re=1{ &33'::32 Nen-Uniferm Mesh, PR = 0.8
BCs: all walls no slip
= ==
S =k
v =0 all around i EEEES
w =7h) g L Dy prin
R R AN 1 g
ook N
— — — L EEIENE
U(X,y—b)—Und,V—O Ros SRR i
A s LD o
. MR s e 111
no inflow or outflow S
' Peasearit
T e P i
no pressure BCs A
X1

Computer lab 4, accuracy/stability as f (Re, QM)

Re =100, Q" uniform Re =2000, Q" uniform Re = 2000, Q" non-uniform

Verticity and Straam Function (Omaga-Psi) o : Vorticity and Stream Function
Fie = 100, 32432 Uniform Meah Yortisity and Stream Funotion {Omaga-Pa) Fa = 2000
Galarkin Weak Statement O Unileim Magh %32 Non-Uniform Mash (PR = 0.8)

Galerkin Waak Statemant Galerkin Weak Statement




SVNS.10 Driven Cavity, Auxiliary GWS" Performance

Pressure distributions, PCG solver, no Dirichet BCs

Re =100, Q" uniform Re =2000, Q" uniform Re =2000, Q" non-uniform

Pressure Distribution Presgure Digtribution Pregsure Digtribution ’
= i = = i = Fe = 2000, 32x32 Non-Uniform Mesh, PR =0.8
Barin ens Siaimen o €A =10 BRkin Work Sratamen o FR=10 Galerkin Waak Statement
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12605
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15607 L B0
S350 ! :ggg
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R 000, 32
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SVNS.11 GWSMINS (o", y"), Accuracy, Convergence, Optimality

Theoretical asymptotic error estimate
e"(nAt)|_ < Ch*|data|;, +C,At"[Q, [, » v = min(k,r —1)

Driven cavity, Re = 100, 16> < M < 64> uniform Q", steady-state

Asémpiotlc Convergence N
Psi Ene| lorms
o ego gy 2

GWS" optimality, 100 < Re < 1000

log|e"(OMG)|
BB ]
P Y
wE [
oF
=F
| am
uf
-
fae
@
~F n
n
T
4 Do s Hohon
logie"(P81)

Extremum Nodal Psi and Omega
oM Ghia, Ghia and Shin TWS" (Noronha, GWSs" ’ TWS" (Kolesnikov,
s Re (1982) 1989) Re 2000)
iogina | |PSi|max ||Omega|||Psi|maX ||Omega| | [PSi|max ||Omega|| RS ||Omega|
——— | 100 |0.103423 3.16646 (0.10378 | 3.2990 | 100 [0.100544 [3.33963 | ---- |
AT fifermon e i 1400 0.113909[2.29469 [0.11473 [2.3212 | | - | o | o |
11000 /0.117929 [2.04908 (0.11905 | 2.1107 {1000 (0.117060 [1.98391 | ---- |
: 1= | [3200[0.120377[1.98860 [ - | -~ [2000/0.119834[1.89343 [0.127008 [2.08944

mIog|F‘si|E

OMaG
Elope = 2

log|Omega).
& IS

13 -1.8 -1.7
legih,|




SVNS.12 TWS" for INS (0", "), Stability, Monotonicity

Driven cavity GWS" solutions suffer dispersion error at larger Re

DP: L(0)=0w/0t+u-Vo—-Re ' Vo=0
=, +f +0(¢), f=uo

2 2
TS: oon+1:mn+Ata(D| LALT0 L oAty
ot 2 ot

o, =—f, =—of, /ox,
0 = —(@f, /8X,), = —0(&f ] at)/ X,

o (Xﬁfj 6(;0+ afj 8fk o)
OXx; \ Jw ot O0®w 0w OX,

substituting into TS, taking lim (At = € > 0) yields

At 0 5/ om
DP": L™(®)=L(0)———| au, — +Bu.u, — |+ O(At*
(0) = L(o) 2axj[ i o B,kaxk] (A7)
where: o term affects time evolution

B term imparts a tensor numerical diffusion mechanism



SVNS.13 TWS" + 0TS (0", y") INS Algorithm

Limiting attention to the steady-state solution

GWS" = TWS" = jQ ¥, (X)L (0" )dt=0, VB

= IQ‘I’B(X){L(@N ) _%%(ujuk a@%ﬂdr

=[MASS]{OMG} + {RES(, B)}
TWS" + 0TS = {FOMG} = [MASS]{AOMG} + At{RES(-,B)}|, = {0}

Template pseudo-code essence

TWS" = TWS" +0TS =S_{WS}, = {0}
{FOMG}, =[B200], {AOMG}, + At{PSI}! [B3K 0K ], {OMG},

0

+ At(Re'[B2KK ], + (BAt/2){UJUK }! [B30JK ], fOMG},
(FPSI}, = [B2KK ], {PSI}, —[B200], {OMG}, + {BC},

T {BC},



SVNS.14 TWS" (B) (o", y") INS Template Options

TS generated the 3 term leading to

ws(p), = patr2)f, “Nupu “N geioma,
=(B,At,1/2)( ){UJ,UK}{EJL, EKI;—1)[B30LI ]{OMG}
one can define a local time scale
At~ h/|U], {U.J / ‘U‘}E {UJU} (unit vector)

{WS(B)}, = (B/2)( ){UJU, UK }(BIL, EKI;—0.5)[B30LI]{OMG}

TS operation on x rather than t for steady-state INS leads to

{WS(B)}, = (B, h2Re/12)j a{N} utu :ag:} dt{OMG},

k

— (B.Re/3)( ){UJ, UK }(EJL, EKI:0)[B30LI]{OMG}
where:p=(0,1), h*=~4det,




SVNS.15 TWS" + 0TS (®", y") INS Algorithm Stability

TWS" (B) solutions, uniform M = 327 Qh, Re=2000,0<p3<0.8

Vgrtlcny_and SFl‘rea_\m Funatien Vorticity and Stream Funotion Vorticity and Stream Function Numerical Diffugion Impact on Enengy Nerm
52“13?& 5], Re = Omsaga-F_aD. Re = 2000 ggms?a-ﬁan. Ra= 2000 Re = 2000, 32x32 Unilorm Mesh
%32 Uniform Mesh %327 Unitorm Mash %32 Uniform Mesh - '
Galerkin Weak Statement TWS, Beta=0.2 TWES, Beta. =06 ~
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SVNS.16 TWS" (B) (0", w") INS Monotone Optimal Solution

Employ r mesh refinement with § = 0.6 = optimal mesh solution

Verticity and Stream Function " .
gm:?ga-Ps Re= Valocity Profila o
37 Non-Uniferm Mesh (PR = 0.9) Re = 2000, 32x32 Non-Uniform Mash (PR = 0.9) Preggure Distribution ) *Best" Mesh Selection
Taylor Weak Statement, Beta = 0.8 Taylor Waak Sm_eTaE:,_Ealaf 5 T:yTor Wga'ak Slals#n:m lélgﬂor_m lésah. PR=038 Reynelds Number = 2000, 32x32 Mesh
= r — 0.04800
= 15000
_ . e :
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{Omega.Paj) Re = 2000 B A 32 Non-Uniform Meah (PR = 0.8 P Distrib
%32 Nen-Uniferm Meeh (PR = 0.8) = , 32x32 Nen-Uniferm Mes| =0.8) reggure Digtribution Numerical Diffusion Impact on Energy Norm
Tayler Woeak Statement, Beta = 0, Tayler Weak Statemant, Bata = 0.6 Re = 2000, 32x32 Non- | Uniterm Mesh, PR = 0.8 - oy
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=3 800 A
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SVNS.17 GWS" (®", y") Algorithm, Benchmark, Validation

Benchmark problem, n =2, {N,({)}:

e developing duct flow

e step-wall diffuser

—> _____________ > Contour: asi sy . Coturps )
— ST o >
—_— T S
> > >
‘I/ \\l \\\;\”\ 101 3
IN ) - = S EEE——
= T L | |

L/s
\
*

0 100 200 300 400
¢ Computed Re

—— Experimental, Armaly, et. al (1982)




SVNS.18 GWS" (Q", u") Benchmark, n =3, {N,*(n)}




SVNS.19 Thermal INS, (®", y") Natural-Mixed Convection

INS applicable to buoyant flow simulation via Boussinesq

N=2,0={0,y,0}  DP: L(o)=0w/dt+Vxyk-Vo-Re 'V’0+GrRe?Vx0g-k =0
DM: L(y)=-Vy-0=0
DE: L(®)=00/0t+Vxyk-VO-Pe V2O =0

BCS 6Qin: q/\(y9xin9t):>0‘)in’\|!in’®in
oQ . : n-V(o,y,0)=0

out °

0Q . Vv=v,,0=0,
n-Vo=f (y,n)

Thermal effect closure, non-D groups

Boussinesq:  (p/p,)g = GrRe” Og Grashoff = Gr = p,BgATL? /u*
=T, Reynolds = Re = p,UL /
©=(T-T,,)/AT Prandtl = Pr =p,c p/k
Peclet = Pe = Re Pr
BOkAT

Rayleigh = Ra = = Gr Pr

pc,uU?



SVNS.20 Thermal INS, non-Dimensionalization

Natural convection is missing the velocity scale U

potential scales:  viscous balance = U=vuL’"
thermal balance = U =k/pc,L
work balance = 1/2pgU” = Fyuo,L = pogBATL

resultant non-D groups become

balance U Re Gr GrRe™ Pe
viscous | pL! 1 . Gr Pr
thermal k/ic Pr! . PrRa 1

work | \JgBLAT | /Gr . I | priGr
work . JRa/Pr * 1 7 RaPr

notes: Ra is quite often the reference state of choice
non-work scale places large (!) coefficient on DP source




SVNS.21 Thermal INS GWS" + 0TS for (o",y",0")

GWS" + 0TS = Newton statement

= [JAC]{8Q}"" = —{FQ!}", on {Q(t)} = {OMG, PSI, TEM}'

00, JQ¥, IQT
100, JOY
[JAC]=S,|J¥Q, J¥¥, 0 | = ,[JTT],
YO, JPY
0, JTY, JIT|

A quasi-Newton approximation responds to the zeros in [JAC]

solution sequence:  [JTT]{STEM}""' = —{(FTEM}"
update : {TEM}*"' = {TEM}" + {§TEM} "'
JQQ, JQY [[6OMG
L‘PQ, J‘P‘PH SPSI

update : {OMG, PSI} **!
return to [JTT]

p+1
} = —{F(OMG",PSI”, TEM"")}

convergence robustness depends on Ra and/or Gr/Re”



SVNS.22 Thermal INS GWS" (", y",0") Algorithm Performance

Isotherm distributions, uniform M = 32> mesh, 10° < Ra < 10°

Tharmal Gavity, Omaga-Psi
3262 Unflorm Meah,

lesh, Ra = 10°

Norm equalization,

Thermal Gavity, Omaga-Psi
32908 Unforma Moshefa = 10°

0.9
0.3
0.7

0.6
0.4

0.z

0.z

X1

Thermal Cavity, Omega-Psi
3232 Uniferm Mesh, Ra = 10
09 TEMP

57E-02

53602

08 5.0E-02

45E-02

07 12502

35E-0

TAE-0E

0.8 B4E-02

~ Z7E-02

23602

x 0o 1.5E-02

15802

04 11E-02

7EE-08

03 35E-08
02
o1
0

0 08§ 1
X1

Thermal Cavity, Omega-Psi
32483 Uniform Mesh B = 10°

X1

TEMP

57E-01
53501
5.0E-01
4BE-D1
42E-01
3801
FAED1
SAED
2760
23601
1.9E-01
1.5E-01
14E-01
TEE-DZ
38602

“best mesh solutions, M = 32° meshes, Ra = 10°

Tharmal Cavity - Ome%a Enargy nerm
32x32 Uniterm Mesgh, Ra = 10
Newton Algerithm

Thermal Cavity - Omaga Eneaqy nerm
32x32 r*on-Uniform Mesh (PR=1.11)
Ra = 10", Newton Algorithm

"Best' Mesh Selection
Ra=10°, 32x32 Mesh

—— GWS', Omega, O[10%
—&— GWE', Psl, (10}

1 1
1 1.025 1.05 1.075 1.1
PR

Omega Energy Norm™"

Newton vs, Quagi-Newton ltarative Convergence

16x18 Uniform Mash, Ra = 10°

—a— Quasl-Newion
—&— Full Newion

glope = 3.

=12

Z 3
Omega Energy Norm™




SVNS.23 Thermal INS GWS" (Q", u") Performance, n =3




