CLES.1 Computational Issues in Large Eddy Simulation

Mathematics-, mechanics-, LES-characterization of NS, reprise
DM :VeU=0

DP: DU/Dt + 1Vp -oVU + p/ped =0
Po
Galilean invariance: DM, DP forms invariant under frame rectilinear V(¢)

NS not material frame indifferent for frame arbitrary V(7)
random scalars : NS velocity component is a random variable
PDF : f(V) = OoF/0V , V=sample space
CDF : F(V') = probability of an event ? T y a

mean : < >— fo(V) I @~ | ﬁ
/ |P(C) = F(V,,) - F(V,)

= deﬁnltlon of f(V') for NS
fluctuation : u=U —<U > ~

variance : Var<U> — <u2> :T (V-<U>)2f(V) dv o)

std . deviation : sdev(U) = <u2

n™central moment : )= <u”>




CLES.2 Computational Issues in Large Eddy Simulation

NS velocity vector U(x,7) as multi-time, -point random vector field

one-point statics : F(V,X,t)= P{Ul.(x,t) <V, i= 1,2,3}
f(V;x,t) =03F(V ,X,t)/0 V.ov,o V,

(VD) = [VF(VixndV
u(x,t) = U(>-(,t) - (U(x,0))
one - point, one-time : cov(U,U ;) = <ui(x,t) uj(x,t)> = 7,(X,?)

two-point, one-time : autocov(U,;,U ;) = R;;(r) = <ui(x,t) uj(x+r,t)>
energy spectrum : R;,(0,7) = <u1u1> =2[ E,(k,t) dx
0

1 0 n
an integral length scale: L, (X,t) = — | R, (re,,X,t) dr
g g 11(X,1) Rll(O,X,t)(j) 11(rey,X,1)
homogeneous turbulence : R;(r,X,t) = R;(r,?)
homogeneous isotropic : R;(r,X,t) = R;(r*,t*) Vo
one-point, two-time : autocov(U;,U ;) = R;(s) = <ui(x,t) uj(x,t+s)>

autocorr p(s) = R;(s)/ R;(0)

integral time scale : T =[ p(s) ds < o
0




CLES.3 Computational Issues in Large Eddy Simulation

Spatially filtered NS velocity vector field, spectral forms
mean : Uj(x,t) = [G(X-1;A) U (r,0)dr
A

fluctuation : u, = U;-U,
stress resolution : UU; = U,U ;+L;+C;+R;
_ =aa—— —_ = 0= =aa—— _ —
sz: U;-uu,;, L;=UU,;-UU,
=TT _T7 4, 0— 77,/ ' _:_r__r:
Cy =Uu,;-Uju;, CU_ Uu; +uU; -Uu, uin
R. = uu' RV= wu' - uuw
ij J ij 1 iJ

spectral form : U(k) = F{U(x)} = 21 Of U(x)e ™ dx
7T —o

U(x) = F{U(x)} = 21” [ G()e™U (x—y)erdxdy

= G()U(x)
T <L7(x-r)1/7(x)>e'mdxdr

energy spectrum : E, (k) = L j R(r)e™dr = 1
T _

= \G(n)\ Ey (<)
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Gaussian filter, spectral resolution, statistically homogeneous U(x)

filter width : A ~ L /6 resolves energetic eddies

L= . [U(x+r)u(x)dr

()
mesh resolution : x, = /A, resolved mode limit
K, = /A, filter cut off

hA ~x./x, <1/2 for 80% energy in 3-D
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CLES.5 Computational Issues in Large Eddy Simulation

NS equations, statistical Reynolds form : <U> = oFVf(V) dVv
CORE O M AED
(DP) : D<U>/Dt+p10V<p> v2<u>+<;’()>g+v<u,uj>—o
(VeDP): =¥ 2(p) - 22[ U XU, ) + {u,) ]/ om0 =

Reynolds stress : <uiuj> =(2/3) ks, + 7, T, = -0 2<Sij>
NS equations, spatially filtered form : U =

DM :VeU=0=Vel

DP : DU/Dt+1Vp DVZU‘F—Q‘FVT =0

Po Po
VeDP : - L V25 -5 oy, +of |/ oxiox,= 0
Po
Reynolds stress : 2'- =(2/3) k, 6, + r =L, +C; +R;
SGS Reynolds : R = ulu', u'- i, = -v,28,;
Smagorinsky : v, = (2 §,0,=CA , S = (2§Z.J-§i]-)1/2



CLES.6 Computational Issues in Large Eddy Simulation

Comparison of features/ limitations of processed NS systems

statististical form : precisely describes velocity vector field random character
clearly defines moments, covariance, length & time scales
energy spectrum Fourier transform related
mean velocity defines the PDF
how to determine in absence of experiments ?
filtered form : NS system is identical appearing !
filter function does not (yet) appear explicitly
resolution clearly defined by k., x,, A and 4
closure for R; not included in theory

boundary condition form not precise
comparative limitations : both detailed only for homogeneous, isotropic turbulence

Boussinesq- type closure model
¢ requires van Driest damping

conversion to CFD form faces additional problems
convolution and differentiation do not commute
boundary conditions
accuracy/convergence/well-posedness/closure




CLES.7 Computational Issues in Large Eddy Simulation

Fundamental issues, CFD implementation of LES NS form (John, 2004)

error generated assuming filtering, differentiation operations commute
on bounded domains, identify, correct
error due to approximation of Gaussian filter
low order TS = Taylor LES
higher order (Pade’) TS = rational LES
order of Smagorinsky closure incompatible
fourth order rational leads to sz model, but theory difficulties

CFD solution boundedness in kinetic energy
weak form yields consistency
CFD algorithm stability, accuracy
numerical dissipation boundedness, control
boundary conditions
mathematical rigor implementation analysis
existence, uniqueness(by data), convergence estimates
mathematical vs. physical arguments




CLES.8 Computational Issues in Large Eddy Simulation

Summary CFD LES NS implementation, notation!!
DM :VeU=0=Vel =Vew

DP: L(U)=06U/ot+UeVU + IVE- vV?U + V(uu’)=0
Po
L (w)=w, +tweVw + Vr —Ve((2v+v)D(W))
2
+ VOS[A(VWVWT)]—f =0
2y

Term definitions as function of auxiliary problem or convolution
laminar NS:UT=O, A=0
Smagorinsky : v, = ¢ §? HD(W)‘

,A=0
F
Taylor LES:v_ = ¢ 62 HD(W)‘F, A= Iﬂ

rational LES with auxiliary problem (homogeneous Neumann BCs)

52,1
,A=|:I- vz}
F 4fy

Iliescu-Layton : v, = c582 HW-AWH2

Smagorinsky : v, = ¢ §? HD(W)‘

rational LES with convolution
Smagorinsky : v, = ¢ 6 HD(W)‘

L A=GEY =g

Iliescu-Layton : v, = ¢ 8° HW-AW

2,A=g§




CLES.9 Computational Issues in Large Eddy Simulation

Notation synopsis for LES CFD theoretical constructions

Lebesgue space: L”(Q) 1s the space of all measurable functions v(X)

1/
bl = { ] \U(X)‘pdx} * <, pe(l®)

g = conjugate exponent of pe(1,0), hence p'+g'=1

then <v,w> = [o(X) m(X) dx, velr, wel!
Q
Sobolev space : W™?(Q) is the space of all functions for which

(0}

. 1/p
HUHW’"’”(Q): ) |:0<%|:<m ’ LP(Q)} s pele

D(X): = 0"v/0x"0y*0z"(X), x=(x,y,z) € R3
‘a‘Zzlf’_lal_ -m
Hilbert space: 1s Sobolev space with p=2, hence
H™(Q) = Wm2(Q)
LP(Q) = Wor(Q)




CLES.10 Computational Issues in Large Eddy Simulation

Notation continued, convolution, Fourier transform
convolution : ( f*g)(y) = [ f(y-x) g(x) dx=[ f(x) g(y—x) dx=g*f
R R

Fourier transform : F (£)(y) = [ f(x) e™dx
R

FP = [ FO) e
TR

F(f+g) =F(f)F(2), F(fe) =F (f)*F (g)
differentiation : for / differentiable and bounded, f(x = o) =0

YEHO) =-1F (/)
], Fh)=-F (Af = sz)

L ey =-F (a7f)

st
1

el

F(f)=F ((I—CA)_lf)

boundedness : for fe I, ge 1, p"+q'>1, r'=p'+q" -1
|F*g

LF(Q)S HfHLp(Q)HgHLq(Q)



CLES.11 Computational Issues Iin Large Eddy Simulation

Notation concluded, matrix forms, Frobenius norm

matrix notation: X = (x), 1<i<d
A= (ag]‘)’ 1<i, j<d

inner (dot) product : Xey = > x.y, = scalar
outer (dyadic) product : Xy’ =x®y = (xi Y; ) , = matrix
i,
matrix dot product: A:B=3%, .a;b, = scalar

Frobenius norm:HAHF - [Zi,jaijz]l/z = (A:A)l/zz tr (AAT)”2

3\

e \ [ (

0/ax; || ayy ap; a3 a1yt as;
matrix divergence: Ve A=10/0x, (| @y; @y @53 | = 85T Ay, axsy

(0/0x; ]| a3 a3y a3 | (831,17 8301 3333 |

strain rate tensor : D(V) = ;[VV+VVT ] =5

rotation tensor : (V)= ;[W—WT ] =Q;
stress tensor : S (V) =2vD(V) - pll



CLES.12 Computational Issues in Large Eddy Simulation

Space averaged non-D NS and the commutation error, v=Re
DM : Veu=0
DP: L(u)=u, +ueVu+Vp - 2vVeD(u) -/ =0,in(0,7]xQ
resolution: u=u+uU'’
filtering : linear and assuming operations commute
DM : VeU=0= Vel
DP: L(U)=0,+Ve(uu")+ V5 - 20VeD(T)-T = 0

rurT

linearity: uu' =Uu' +uu’’ +u'd’ +u
Commutation error associated with tensor S (u, p) at boundary

analysis framework extends domain beyond 02, yields L”(u) on Q= R¢
DP™ : L™(u) =L () - [ S(u,p)(z,s) N(s)p(s) ds
oQ
convolution of DP"with filter g(X,5) yields
DP™ : L"(U)=L(U) - | g(X-5)S(u,p)(z,8) A(s)ds, on (O,T]de
oQ
commutation error : 4;(S(Up)(#,X) : = | g(X- $)S(U,p)(t.S) A(s)ds, on (0,T] xR*
oQ

note : 4s=f(U,p, not U,p)



CLES.13 Computational Issues in Large Eddy Simulation

Error estimates for the commutation error, Gaussian filter
commutation error : 4,(g,U,p) : = | g(X-8)S(U,p)(,8) N(s)ds,
oQ

= [ g(x-s)y(s)ds, yeli(0Q), I<g<oo
o0Q

comments : 4;(e) € L” (R?), and as —0 vanishes only when
S(e) N(s) = 0 almost everywhere on 0Q
rules out any practical bounded flow problem!

Asymptotic bounding of this error leading to its neglect

strong form solution (FD) : error is O(1)

k

foryeL?(0Q)) : | LP (60)

R4

| g(x-s)y(s)ds
o0Q2

dx < C§/*4-09) H"’H
convergence in H-1(Q): for functions in H = {UEH'I(Rd) : u‘aQ:O}

< €812 v,

J g5(X-s)p(s)ds
o0

Hgl (Rd) (0Q)

weak form convergence:

J

dx < Cs/ A H‘VH
Ra’

k
1P (60) HUHHz(Q)

v(X) [ g(X- s)y(s)ds
0Q

=0(o!) ford =2
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LES models based on approximations in wave humber space

approach : QeR?, 5= constant for Gaussian filter
Fourier transform uu? for u=t+u’
express F(U") via F(U) to eliminate U’
approximate F(g) such that F-1(g) is explicitly available
use F-(g) to partially model uu”

establish a closure model for u'u’
Gaussian filter : g (X) = [1g/(x)),1<i<d

Y Y .2 _
xX.)=.[——exp| —5x |, and assumey =6
Z5(x) = p( 527 Y= | f v
i/ o §=0.5
6 -6, 12
X)=|——= exXp| —+|X
0= %] ool ) |

B &
Fg,)(y) = exp[—%yzj

y, = cutoff wave number = 27 /5




CLES.15 Computational Issues in Large Eddy Simulation

Modelling of the large scale and crosstermsin uu”

filtered stress : wuul =0u?” +uu'” +u'u” +u'u'’
Gaussian(d) : U(X,t) = g, *U(X,t)
process : compute Fourier transforms
replace F(u’) as function of F(U)
approximate g,

neglect higher order terms in 6
compute inverse Fourier transform

large scale : F(U?) =F (ga*UUT) = F(ga)F(UUT)
cross terms : F(Tu'7) = F(ga)F(Uu’T) =F(g;)F (U)-F (U’T)
F(u'i7T) = F (g, )F (u'07) = F (g;)F (u')+F (07

F(g)=0 :F(u) = F(ﬁif':)(m _ FF((;))
u=u-u:F@u) = = {F(; —1} F(T)
d

)
hence : F(Uu'?) = F(gs) F(U) *( ! —1]F(U)
F

Fua’) =F(g,)




CLES.16 Computational Issues in Large Eddy Simulation

Approximations to F(g,) lead to bp modification

TS approximations : F(gs)(é,y) = 1- (47)'1HyH2+0(64)

(3,y) =1+ (4" |v]; + 03
(g )

second order F(g,) approximations yield
2
F@@u’) = FuuT) + O F
4y
+ O(S“,U(S“))

(A(u uT))

F(@u'T) = -i F (TA@T))+ O(34,u(3%))

5 o _
-——F (A@@)(U) )+ O(d4,u(s
o, F(A@@E))+ 0(3+.T6")
apply inverse Fourier transforms, (A=V?)

F(uu’) =

- 2
oo = un” + 9" v (@l )+ O(e)
4y
62
au’=->av2(u’ )+ O(e)
4y
2
ugr= -2
4y

— Fuﬂ;artmnuf'urmuft}m Bl.uéﬂhﬂ filter
- - - second order polynomial approximation

=0.5
_'|r
_11,5?'
= ot
60 Y 1 r
—— inversa of tha Fourier transform of the Gaussian filter
- - - second order polynomial approcimation




CLES.17 Computational Issues in Large Eddy Simulation

Filtered stress via TS and rational Pade'approximations

TS : oul/ + wu'T +gu'? |—'Fw§mhmlﬁmﬁamﬁnﬂmr
82 1 - == second order rational approximation
~ TO7 + | V2(Tu’)-uv2(u’)-v2(ma’ |
4y 04
2
- TuT + O VUV a0 (34,7(5%)) K
2y
82 -1 0.4F p
2 =’
Pade?2 : F(gs)(S,y) = {lJrMHyHZ} + 0(64) ot ,
oo + ou'l + u'n’? 7 b
—1
5 2 , . 5 2
~ | I- \% au’ — o . ‘ ' : :
{ 4y } { 4y e —

52 5 |
Paded4 : F(g;)(8,y) = {1"‘47HYH§+ 2||y||;1 * 0(66)
oo + ou'lT + u'Orl 02t

2 . ]
zu—u—T+i {1-8 V2 21(2“3/“42l

1

2[ 822
oo’ + 0| 1-5- V| vaeva +0 (34,T(3%)) o

-1 0.8;

32y 04

.
-
B
s

4y 3

Au_Au_T+V(Au_)Vu_T+Vu_V(Au_T)+A(Vu_Vu_T)ﬂ



CLES.18 Computational Issues in Large Eddy Simulation

Pade’approximations to F(g,) introduce inverse Laplacian operators

Pade 2 : [I - (8% /4y)V* ]1 , elliptic second order PDE
auxilliary problem : on bounded domain Q, V? requires BCs on 0Q
Galdi & Layton : [I— 01'1 =V -V2y = ng , on (O,T]XQ
BCs : heVVv =0, on (O,T]xéﬁ
IC : v(X,0)=0, on (0)xQuUoQ
GWS" +0TS : {F(V)}=[M] { V(T)} + At([DIFF]{V}- {b(f)})

choose : 0=1, At=T = 4y/5°, f = Vuvu’
auxilliary problem : alternative is to handle as convolution

52 ! .
F(g, *u) = F(g,) F(u) {HMHyHin} F(u)= F[[I-(82/4y)v2} uJ

1
2

thereby : g *u z{l—svz} u
4y

— — — &
hence : uu’ +uu'” +u'tu’ zuuT+2g6*(VuVuT)
Y




CLES.19 Computational Issues in Large Eddy Simulation

Gaussian filter approximation closure models for u'u’”

transform : F(U'U”) = F(g, *u'u”) = F(g,)F(U'u7)
= F(gy)| F(U)*F(U) |

1 1 .
= F -1 |F(u)* 1F
(gs’){(':(gs) j (u) (F(gg) j (u )}

= (1-F(gs))F(u)*(1-F(g5) ) F(UT)
TS: FUUT) ~ ... = (8%/4yyF(AuAuT) + O(5,u(5%))
u'u’ ~ (82/4y)* AuAu? +0(86,u(8“))
Pade2 : U'UT ~ (82/4y)? [1 - (52/4y)A} AUAUT + 0(56,-)
Paded : U ~ g *(82 /4y AUAUT +0(8,9)

observations : all approximations lead to u'u” of order &
only Pade4 retains this order

requires U” € H3 which is impractical



CLES.20 Computational Issues in Large Eddy Simulation

Alternative approaches to closure models for u’'u’r

Smagorinsky : published developments are O(6?)

inconsistent with theory predicted O(8%)
generates excessive level of 6-scale dissipation
Iliescu & Layton : propose d-scale dissipation ~ kinetic energy of U’

v, = DT( . Zm =90
from Fourier representations
u'~ -(6%/4y)Au + O(6%)
0, =c(8? /y)HAUH2

u’ u’

2j:>cl
2 m

assuming g, ~ g= leads to
v, =c(d /\()Hg8 *UH2
v, =co|U - g; *UH2

approximating convolution as auxiliary problem

o, =cdu-[1-(*/4pa] U

T

2

2
Grubert & Baker : v, :{Relhz(é)}UU



CLES.21 Computational Issues in Large Eddy Simulation

Weak form solution process, (U, p) = (w,r), Q bounded by 0Q

DM : Vew =0
DP: L™(W) =W, + (WeV)W + Vr—Ve((2v+v,)D(W))
5 NI
+V02y[A(VWVW )} -f=0 on (O,T]XQ

T
weak form : WF = [ [ vL"™(w,r) dxd¢=0
00

= ?I V( L" (e) - VO(terms)) dxdr + ﬂ Vve(terms) dxdr
0Q 042

+ Yf [ V{(ZD%T)D(W) - észA(VWVWT)} ef dsds
00Q 2y

. boundary layer

with (Vew, g) =0, V vwe H'(QQ) in fluid region

BCs on 0Q) : slip with linear friction
wen =0

(W)= heVw + g(D(W), 4,v,)=0

2



CLES.22 Computational Issues in Large Eddy Simulation

Weak form solution, auxiliary problem, rational LES model

2
auxiliary : ivzx +X=VwVw! in Q

4y
A O(VX) =( on 0Q
weak form : find X e H(QQ), for all Y € H'(€2) such that
52

7 (VXeVY) +(XY) = (vwvw',Y")
4y
linearization : evaluate W at previous timestation or iteration
Direct implementation of the convolution, rational LES model
convolution : AVWVW') =g * (VwVw/)
= [&5(y-X)(®)(X)dx
Q

comment : theory enforcement via auxilliary PDE 1s much more efficient
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LES weak solutions, existence and uniqueness, discrete implementation

rigorous mathematical analyses are exceedingly difficult
non-linearity, domain boundedness
monotonocity issues, NS dispersive instability
Smagorinsky : uniqueness proved for weak solution for "small data"
due to model stabilizing numerical diffusion
Taylor LES : Smagorinsky term dominates Taylor LES term
contradicts formal ordering, 6% versus 6*
rational LES : existence and uniqueness confirmed forv, =0, T = 0(6%)
numerical tests refute this for nominal Re
unstable to small perturbations
discrete form : (W,r)e HY(Q) = (W' r")c Ve HI(Q)
TP bases : Q/Q,, O,/P¥¢, Q,/0,,....
natural : B/F,, P,/PB,....
use of upwind stabilization, Vanka smoothers
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Asymptotic error estimates for the discrete weak form solutions

Smagorinsky : natural regularity requires Vw € 13(0,T;3(€2))
Re-independence requires addition of a,(5) > 0

splitting error € = (W-W) - (W"-W), then

A B U P )
[P0,T:12() BO,T:1(Q)

2
+ (Re! + cay(9)) D(w-w") +..
0 2.1 L2(Q))

< Cinf F(W-W,r

J(®)

Taylor LES: Heh H HW—W H +c 82HV (w-w") H

BO,T:1(Q)

+ Re HV(W—W H

[°(0,T;12(Q))

20.T:12(Q)

< Cinf F(W-W,r-¢" Re,,c,T)+ CHW(X 0)

()
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Asymptotic error estimates for the discrete weak form solutions
error : f {HW—Wk H J< C (data, Q", VV"...) in appropriate LZ”norms
p

bound independent of Re for fixed 6 and 4

p
for fixed o, ~-convergence predicted as f(p)

bounded by interpolation, time truncation errors
Verification, Chorin’s vortex decay problem (Chorin, 1968)

w, = -cos(nmx) sin(nmy) exp(-2n*nt/t)
w,= sin(nmx) cos(nmy) exp(-2n*n’t/t)

r = -(1/4) (cos(2nnx) + cos(2nmy)) exp(-4n’n’t/1)
solution : for decay time t = v-!, this is a solution to NS PDE system

decay of array of oppositely signed vortices
IC, BCs : NS f,w, Dirichlet BCs chosen such that (w,r) is NS solution

data: t=1000,7 =8 , c.=0.05

n=4 ,6=0.1,0 =0.

time : Az =0.001, 0 fractional step
domain: Q = (0,1)°, " uniform, h/2<> h/128

key results : Heh
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Table 8.2. Example 8.19, ||w —w"|| o153y @2 /P{* finite element discretisation, error and order of convergence with respect

to h (in parentheses)

V_l

h=1/8

h=1/16

h=1/32

h=1/64

h=1/128

10°
10
104
10°
10°
107
108
10°
1010

2.20176-2
3.19389-2
5.97051-2
7.67057-2
7.86394-2
7.88349-2
7.88545-2
7.88564-2
7.88566-2

Table 8.3. Example 8.19, ||D(w
respect to h (in parentheses)

V—l

h=1/8

2.76780-3 (2.992)
3.50372-3 (3.188)
7.01100-3 (3.090)
7.73782-3 (3.309)
7.81755-3 (3.330)
7.82560-3 (3.333)
7.82641-3 (3.333)
7.82649-3 (3.333)
7.82650-3 (3.333)

- wh) "L‘J(o.*r;m(m)*

h=1/16

3.47796-4 (2.992)
4.81015-4 (2.865)
1.00294-3 (2.805)
1.09801-3 (2.817)
1.10830-3 (2.818)
1.10934-3 (2.818)
1.10945-3 (2.819)
1.10946-3 (2.819)
1.10946-3 (2.819)

Q2/Pf*° finite element discretisation, error and order of convergence with

h=1/32

4.35185-5 (2.999)
4.86864-5 (3.304)
1.39466-4 (2.846)
1.62252-4 (2.758)
1.64891-4 (2.749)
1.65161-4 (2.748)
1.65188-4 (2.748)
1.65190-4 (2.748)
1.65191-4 (2.748)

h=1/64

5.43988-6 (3.000)
5.50381-6 (3.145)
1.44706-5 (3.269)
1.92552-5 (3.075)
1.98664-5 (3.053)
1.99288-5 (3.051)
1.99371-5 (3.051)
1.99377-5 (3.051)
1.99380-5 (3.051)

h =1/128

10*
10
10*
10°
10°
107
10®
10°
1010

1.248279
1.569352
2.351005
2.681270
2.720373
2.724344
2.724742
2.724782
2.724786

3.13720-1 (1.992)
3.60470-1 (2.122)
4.66554-1 (2.333)
4.98844-1 (2.426)
5.02793-1 (2.436)
5.03197-1 (2.437)
5.03237-1 (2.437)
5.03241-1 (2.437)
5.03242-1 (2.437)

7.84736-2 (1.999)
8.42787-2 (2.097)
1.05387-1 (2.146)
1.14609-1 (2.122)
1.15920-1 (2.117)
1.16058-1 (2.116)
1.16072-1 (2.116)
1.16073-1 (2.116)
1.16073-1 (2.116)

1.96114-2 (2.000)
2.00913-2 (2.069)
2.34301-2 (2.169)
2.61063-2 (2.134)
2.66473-2 (2.121)
2.67093-2 (2.119)
2.67156-2 (2.119)
2.67162-2 (2.119)
2.67163-2 (2.119)

4.90234-3 (2.000)
4.93406-3 (2.026)
5.28506-3 (2.148)
5.79700-3 (2.171)
5.96091-3 (2.160)
5.98435-3 (2.158)
5.98686-3 (2.158)
5.98711-3 (2.158)
5.98714-3 (2.158)
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Verification, duct flow LES solution energy bounded on QU oQ

channel flow : E(U) = ;juTu dx=2.667
Q

E(Wh)< oo, for te[o,T]
data for DM + DP : Q = (1,1,10)

vl= 105, Re = 66,667
At= 0.01s,T =20
§=0.5

BCs : wei = 4y(1-y) on (0.y.2) ' | - [ e
neVw =0 on (x,y,z=%0.5), (10,y,2) :

w =0 on (x,y= £0.5,2)

top and bottom: no slip

(—41tsin(41ty)? \
! 3nsin(3nz)j L, c . =0.01
37tcos(37tx)f(

IC : W(0,X) = (Wei)i + ¢

noise

r (0,x) =-8(x-10)/Re
FE spaces : 0,/0,, O, /Pldisco 0 /Pzdisc» B/R
discretization Q": O ( 80 cubes at /=0.5 = 480 cubes at /=0.25)
P (each cube bisected into 6 tetrahedra)
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Duct flow verification, Taylor LES with Smagorinsky subgrid model

4
4,

2.95 . , 2.78
as o Qz2/a
o Qzal : *  Q2/Pidisc 1 o277l
29 = Q2/P1disc o P2P1
o P2P1 536 ¢ Qo/Padisc
5 o Qa/Padisc g &7
@
£285 ey ! §2.75
& : g
2 =3.2r 5 2.74
= 28 J =} =
2 3 2.73
2.75 1 2 BL 2.72 d
| * Smagorinsky model
e o Taylor LES model
2.7 . L 005 041 015 02 0.25 ) 5 10 1
0.05 o1 015 0.2 0.25 el time s =

c=0.01, fractional 6 c—=0.01, 6CN ce=1/3, 10, 0,/P,°

conclusion :failure due to poor F(gs) approximation

not influenced by boundary conditions

Duct, rational LES with Smagorinsky subgrid model, ¢=0.01, 0,/P*

o

2.75 . - 2.748 2
274 2,747 76
2.73 2.?45r gz
22.74
§2.72 2.745} 2
B = Smagorinsky model =
a2m 27440 x rational LES with auxillary problem ee
8 =
2 _g ¢ rational LES with convolution (variant 1) 2
s 27 20743} © __rational LES with convolution (variant 27
8269 g o742k
# Smagorinsky model i N P N\ ®2.68
2.68 ; rational tl:Eg m auxiliary mrTm ' 2741} E ~+— Smagorinsky model
267F | o rational LES with convolution E:nanl 2; RN R O NI N T L SO 2.66 —+— rational LES with auxiliary problem
seal Lo Navior Stoi : thout 1oé 2.74 —— rational LES with convolution (variant 1)
-68 1 19.2 19.4 19.6 19.8 20 - - 1
0 5 10 5 20 time = constant ¢ in the@nagoﬁnaky model b

time
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Duct, rational LES with lliescu-Layton subgrid model, 0./, , fractional 0

2.95 T T T T 4 T T T T -
‘ = rational LES with auxiliary problem
a8 ¢ _rational LES with convolution (variant 1)
E2.5»4 H .36
go. 2 E’
S & 34
5 g
o :
L 2,93 2
2 g » rational LES with auxiliary problem =3.2¢
= ¢ rational LES with convolution (variant 1) g
8. g af
2.921
2.8}
2.7r x rational LES with auxiliary problem 1 - ] 4&/
¢ rational LES with convolution (variant 1) o i y ; . .
L o] - Navier-Stokes equations without noise 291 ) ) B f o'E - 5 2 =~ .
0 5 10 15 20 19 19.2 194 196 19.8 20 time
time time
0=0.17 0=0.17 0s=0

Conclusions, weak solution boundedness, duct flow, Re ~ 10°
Smagorinsky : v, =c 8 H D(U)HF

lliescu-Layton : v, =c,5’[A(@)],

Taylor LES + Smagorinsky, for standard ¢, = divergent solution
rational LES + Smagorinsky or I-L = bounded solution for sufficient c,
rational LES + no subgrid term = divergent solution

for various FE spaces and 2" order 6-schemes
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Benchmark, driven cavity LES solution

domain : Q= (0,1)?
BCs : no slip for NS
data : lid velocity U
v=Re"
Iliescu, John, Layton, et al (2003)

LES should replicate NS solution for small enough Re
EW! —w ), Re=400, O /Bl

Ulid

LES
Model h=1/16 h=1/32 h=1/64
Taylor LES 1.19E-03 1.67E-04 1.47E-05

rational LES + aux 1.29E-03 0.97E-04 0.17E-05
rational LES + conv| 1.60E-03 1.24E-04 1.06E-05

LES solution must be bounded in total energy
Taylor LES solutions, Re = 10,000
IC = Galerkin FEM

h=1/64,8=2/64

0.15 T T T — T T
| o start with solution of Galerkin FEM of NSE

* start with solution of rational LES with auxiliary problam
| = start with solution of rational LES with convolution

| start with solution of Smagorinsky model

total kinetic energy
(=
TTT———
1
1

0.051

time step

FIGURE2 2D driven cavity problem, blow up of the Taylor LES model
starting with various fully developed flow fields as starting conditions at
t= 1000, h = 1/64, 6 = /2/64, Re = 10,000. Note that the blow up
does not depend on using an impulsive start.
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>

Driven cavity benchmark (17L.703)
Re = 10,000, £ =1000

h=1/16,8=v2/16
2 .
0= ¢, 8% |D@)|.
UL : rational LES+ aux N R J
. Y RN
UR : rational LES + conv B1772222IIIIING
LL : Smagorinsky (4=0) f“fﬂf???”?*ﬁﬁ!
. IT\'\‘:\r;IJ} IR
LR : Galerkin DNS, /= 1/64 Hgﬂi;;uiii:iiff}}*
\Qétt-\\:::i:jjjﬁj‘{%
SNSRI
Comments W
h/16 mesh is coarse! o1
representative of LES model meshes
cannot resolve small structures ﬁ
o c 0.1
rational LES + Smagorinsky vr g
2
bounded energy ¥
can only resolve main eddy g oosl
“000d” agreement with NS on //64 = Galatan FEW NS
. o . 2 aylor )
rational LES without Smagorinsky vt / - rational LES with convoigton
) . . ¢ Smagorinsky model ]
blows up 7" 20 =20 4 5 60 70 8 90 100
tima

FIGURE 4 2D driven cavity problem, total kinetic energy, Re =
10,000, h = 1/16, 6 =2/ 16
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Validation exercise, mixing layer on 4=2

domain : Q = (-1,1)? N
BCs:heV(e)=0, y=-1,1 T = S
periodic, x = -1,1 >
iC w, = {Ww tanh(2y/00)}+ . W {8\|//8y 5 >
0 noise -« oy / Ox
y = exp(-(2y/5,2)(cos(8mx) +cos(20mx)) o
data : 7 = 4 vortices expected, hence o, =1/14 ' J 1
W_=1,¢ =000l Re= W, o,/v=10,000 L _1
time algorithm : fractional 6, 7 = o,/W_, At=0.17 = (140)'s >
T =2007 ~14.285s
weak solution : QO / B¢ on 8 multi-grid levels, &, =1/1, h,=1/256
filter : &= A, h=p(QQ) '
algorithm : rational LES
SGS models : v, = 0562HD(U)HF

-

________________

V= Cd

_ 8
u-(/——A)u
4y

2
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Galerkin FEM (DNS) on level 8 Filtered Galerkin DNS, § = V2/32

Fig. 11.8. Galerkin FEM, vorticity on level 8, at time units 0, 20, 30, 50, 70, 80, Fig. 11.4. Vorticity of u®, level 8, at time units 0, 20, 30, 50, 70, 80, 100, 120,
100, 120, 140, 160, 180, 200 (left to right, top to bottom) 140, 160, 180, 200 (left to right, top to bottom)
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Smagorinsky model, ¢,=0.01 rational LES + aux, Smagorinsky SGS

: \ D./ "9 | T, e@

Fig. 11.6. Rational LES model with auxiliary problem, Smagorinsky model (4.3)
as subgrid scale model with ¢s = 0.01, vorticity on level 5, at time units 0, 20, 30,
50, 70, 80, 100, 120, 140, 160, 180, 200 (left to right, top to bottom)

Fig. 11.5. Smagorinsky model (4.3), cs = 0.01 , vorticity on level 5, at time units
0, 20, 30, 50, 70, 80, 100, 120, 140, 160, 180, 200 (left to right, top to bottom)
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normalized vorticity span, ¢c,= 0.01

Smagorinsky SGS, h/32

8 T T T
—— convolution of Galerkin FEM
—— Smagorinsky model
TH rational LES with auxiliary problem
- - - _rational LES with convolution
Wwal A
@ 6
£
e}
£5F 1
=
K=} i
b
45
2
gal |
2 - -
: | . . p £ 3
0 20 40 80 100
time units
—— convolution of Galerkin FEM ;
12| — Smagorinsky model .5 ;
- rational LES with auxiliary problem | :t
- — - rational LES with convolution G
10+ £ 1
2 el
@ § 1
'g ; '1 i
= 8p ?! f!, a":‘n
Fy 3 1 A A
© ;' - : s
= Vol Y 7 o
g 6 ! i 4 |
£ VAR
[ s l" :\‘ 3
1
I
!
ol o 3
0 50 100 150 200

time units

Fig. 11.8. Relative vorticity thickness to g, Smagorinsky model (4.3) as subgrid

scale model with e¢s = 0.01, level 5

E

tot’

whH evolution,
2

Smagorinsky SGS, h/32

1.93

total kinetic energy
o 2

u
@
©

:

= convolution of Galerkin FEM
— Smagorinsky model

------ rational LES with auxiliary problem
— — - rational LES with convolution

1.87
/]

Fig. 11.9. Total kinetic energy,

with ¢s = 0.01, level 5

50

100 1 éo 200
time units

Smagorinsky model (4.3) as subgrid scale model

9 v
=
K
Bl
g J
E]
@
=
B E
E
(=]
s ER
g 3
o
— — convolution of Galerkin FEM =
6[] —— Smagorinsky model ~e 1
------ rational LES with auxiliary problem \‘A
— —-_rational LES with convolution T
4] 50 100 150 l ;60
-time units

Fig. 11.10. L?(£2) norm of the gradient of the velocity, S :
- 3 l -
as subgrid scale model with cs = 0.01, level 5 magorinsky model (4.3)



CLES.36 Computational Issues in Large Eddy Simulation

Rational LES + auxiliary problem, lIliescu-Layton SGS closure, ¢;=0.5,0.17

Fig. 11.17. Bational LES model with auxiliary problem, Iliescu-Layton model Fig. 11.22. Rational LES model with auxiliary problem, Iliescu-Layton model
(4.31) as subgrid scale model with cs = 0.5, vorticity on level 5, at time units 0, 20, (4.31) as subgrid scale model with cs = 0.17, vorticity on level 5, at time units 0,
30, 50, 70, 80, 100, 120, 140, 160, 180, 200 (left to right, top to bottom) 20, 30, 50, 70, 80, 100, 120, 140, 160, 180, 200 (left to right, top to bottom)
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Rational LES with aux validation, d =2 mixing layer, #/32, § =V2/32

Galerkin DNS Smagorinsky SGS, ¢,=0.01 Iliescu-Layton SGS, ¢.=0.17

=

o |2 ) !
R e N e
== . - s
- - e T e o e
ot L Bpl AT T
% T B AL -,
P ‘ A= e

i

SGS closure Cs. vortex pairing steady solution comparison
Smagorinsky 0.01 very delayed quantitative
0.005 less delayed qualitative but “trashy”

auxiliary problem preferable
to convolution
[liescu-Layton 0.5 too fast quantitative
0.17 a little slow qualitative but “trashy”
0.18 auxiliary problem preferable
to convolution



