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Mathematics-, mechanics-, LES-characterization of NS, reprise 
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NS velocity vector U(x,t) as multi-time, -point random vector field 
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Spatially filtered NS velocity vector field, spectral forms 
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Gaussian filter, spectral resolution, statistically homogeneous U(x) 
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Comparison of features/ limitations of processed NS systems 
        statististical form :  precisely describes velocity vector field random character
                                       clearly defines moments, covariance, length & time scales 
                                       energy spectrum Fourier transform related 
                                        mean velocity defines the PDF
                                                how to determine in absence of experiments ? 
                 filtered form : NS system is identical appearing !
                                        filter function does not (yet) appear explicitly
                                        resolution clearly defined by κ , κ ,  and 

closure for  not included in theory
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c r
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ry condition form not precise 
comparative limitations : both detailed only for homogeneous, isotropic turbulence 
                                        Boussinesq- type closure model
                                                         requires van Driest damping 
                                        conversion to CFD form faces additional problems
                                          

sA

              convolution and differentiation do not commute
                                                        boundary conditions 
                                                        accuracy/convergence/well-posedness/closure
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Fundamental issues, CFD implementation of LES NS form (John, 2004)

         error generated assuming filtering, differentiation operations commute
                on bounded domains, identify, correct
         error due to approximation of Gaussian filter
                    low order TS  LES
              higher order (Pade ) TS   LES
                    order of Smagorinsky closure incompatible
              fourth order rational leads to  model, ij

Taylor 
rational

R

⇒
′ ⇒

but theory difficulties
       CFD solution boundedness in kinetic energy
             weak form yields consistency
       CFD algorithm stability, accuracy 
             numerical dissipation boundedness, control 
             boundary conditions
       mathematical rigor implementation analysis
             existence, uniqueness(by data), convergence estimates
             mathematical vs. physical arguments
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Sum m ary C FD  L E S N S im plem entation, notation!!
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Notation synopsis for LES CFD theoretical constructions 
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Notation continued, convolution, Fourier transform 
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Notation concluded, matrix forms, Frobenius norm
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Space averaged non-D NS and the commutation error, υ=Re-1
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 Error estim ates for the com m utation error, G aussian filter  

Asym ptotic bounding of this error leading to its neglect

{ }

( , , , )
( )

-1-1

strong form solution (FD) : error is (1)

                 for ( ) : ( - ) ( )d    d  δ  

      convergence in ( ):  for functions in  ( ) : 0  

           

kp f k d q
pLd

d

O

L g C

H

θ

υ υ

∂Ω∂Ω

∂Ω

ψ ∈ ∂Ω ψ ≤ ψ∫∫

Ω ≡ ∈ =

x s s s x 
\

\H H

1/ 2
δ 2 ( )1H ( )

( , ) 2( ) ( )

                            ( - ) ( )d    δ  

    weak form convergence: υ( ( - ) ( )d d δ   υ

                                                    

Ld

kf
pL Hd

g C

g C β

∂Ω−∂Ω

•
∂Ω Ω∂Ω

ψ ≤ ψ∫

ψ ≤ ψ∫∫

x s s s

x) x s s s x

\

\

H

1                             (δ ) for  = 2 O d�

( )
δ

δ

ˆcommutation error : ( , , ) : = ( - ) ( , )( , ) d ,

( - ) ( )d ,  1

            comments : ( )  ( ), and as δ 0 vanishes 

q

p d

A g p g p t

g L q

A L onl

∂Ω

∂Ω

∫

⇒ ψ ψ∈ ∂Ω ≤ ≤ ∞∫

• ∈ →

u x s u s n(s) s

x s s s ,   

\

S  

                                      

when
ˆ                                ( ) = 0 almost everywhere on 

                                 rules out  practical bounded flow problem!

y

any
• ∂Ωn(s) S



CLES.14 Computational Issues in Large Eddy Simulation
  

 
 

 
 
 

 
   
 
 
 

    
   
     

 LES models based on approximations in wave number space
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   TM od ellin g of  th e large sca le an d cross term s in u u  
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F
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2
                            

122
2 4 α

2 4
2 4

2δ 2 2

  +  +  

δ δ I - ( )
4 γ 4 γ

δδ                   =   I - δ , (δ )
4 γ2 γ

δ δP a d e 4  :   ( ) (δ , )  =  1 +
4 γ 3 2 γ

T T T

T

T T O

g

−

−

′ ′

⎡ ⎤ ⎡ ⎤
≈ ∇ − •⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤
+ ∇ ∇ • ∇ +⎢ ⎥
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⎡ ⎤
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⎢⎣ ⎦
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y y yF ( )
-1

6

                  
12 42 42

                            2 2

2

 δ     

  +  +  

δ δδ  I -
4 γ 3 2 γ2 γ

δ-   ( ) ( ) ( )
8 γ

T T T

T

T T T TT

O

−

⎡ ⎤
⎢ ⎥
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⎢ ⎥⎣ ⎦
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⎥
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δg′Pade  approximations to ( ) introduce inverse Laplacian operatorsF

2 2

2

-1
                          Pade 2 : I - (δ / 4γ)  , elliptic second order PDE

           auxilliary problem : on bounded domain ,   requires BCs on 
-1              Galdi & Layton : I-   

 ⎡ ⎤∇
⎣ ⎦

Ω ∇ ∂Ω

•⎡ ⎤⎣ ⎦ (
(

2
2

4γ- =  ,  0,                                
δ

ˆ                                           BCs : = 0,   0,  
                              IC : ( 0 ) = 0,   (0)

t   on T

 on T
,  on

⇒ ∇ ×Ω⎤⎦

•∇ ×∂Ω⎤⎦

v v f

n v
              v x

[ ]( )
2

 
                      GWS + θTS : { ( )}=[ ] { ( )} + DIFF { - {b( )}  

                                 choose : θ 1, =  = 4γ/δ ,  =                          
                auxill

h

T

F M T t

t T

×Ω∪∂Ω
Δ

≡ Δ ∇ ∇

  V V V} f

f u u

-12
2 2 2 2

δ δ 2

iary problem : alternative is to handle as convolution

δ                               ( ) = ( ) ( ) 1 ( ) = I-(δ / 4γ)
4γ

                                 ther

g g ⎛ ⎞⎡ ⎤
⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠

⎡ ⎤
∗ ≈ + ∇ ∇⎢ ⎥

⎢ ⎥⎣ ⎦

-1

u u y u u F F F F F

-12
2

δ

2
   δ

δeby : I
4γ

δ                                    hence : + ( )
2γ

T T T T T

g

g

⎡ ⎤
∗ ≈ − ∇⎢ ⎥

⎢ ⎥⎣ ⎦

′ ′+ ≈ + ∗ ∇ ∇

u u

uu uu u u uu u u
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T′ ′Gaussian filter approximation closure models for u u

δ δ

δ

                transform : ( ) = ( )  ( ) ( )           
                                                 = ( ) ( (  

                                                 = 

T T Tg g
g

′ ′ ′ ′ ′ ′∗ =
′ ′∗⎡ ⎤⎣ ⎦

u u u u u u
u ) u )

F F F F
F F F

( ) ( )

δ
δ δ

δ δ

1 1 ( ) -1 ( -1 (
( ) ( )

                                                 =  1- ( ) ( 1- ( ) (                         

                        TS : ( )  ... = (

T

T

T

g
g g

g g

⎡ ⎤⎛ ⎞ ⎛ ⎞
∗⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
∗

′ ′ ≈

u) u )

u) u )

u u

F F F
F F

F F F F

F ( )
( )

( )

2 2 6

2 2 6

2 2 2 6

δ /4γ) ( + δ , δ )

                               (δ /4γ)  + δ , δ )

                   Pade2 :  (δ /4γ) I - (δ /4γ) + δ ,  

                   Pade

T

T T

T T

O

O

O

α

α

⎡ ⎤
⎢ ⎥⎣ ⎦

Δ Δ

′ ′ ≈ Δ Δ

′ ′ ≈ Δ Δ Δ •

u u )  u(

      u u   u u   u(   

u u   u u    

F

( )2 2 6
δ

4

4 :  (δ /4γ) + δ ,                         

          observations : all approximations lead to  of order δ
                                 only Pade4 retains this order
       

T T

T

g O′ ′ ≈ ∗ Δ Δ •

′ ′

u u   u u    

u u

3                              requires  which is impracticalh H∈u
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T′ ′Alternative approaches to closure m odels for u u
2

4
    Smagorinsky : published developments are (δ )
                                 inconsistent with theory predicted  (δ )
                           generates excessive level of δ-scale dissipation
I

 O
O

2

2 2

liescu & Layton : propose δ-scale dissipation  kinetic energy of 

                                   ,  δ

                            from Fourier representations
           

T T m mυ υ cl l⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

′

′ ′≡ ⇒ ≡

u

u u

∼

2 4

3
2

2
δ δ

                    -(δ / 4γ) + (δ )
                                (δ / γ)

                           assuming  leads to                        
                                 

T

O
υ c

g g

′ ≈ Δ
∴ = Δ

≈

    u  u  
u

3
δ 2

δ 2

-12

2

 (δ / γ)

                                  δ - 
                           approximating convolution as auxiliary problem

                                  δ - I - (δ / 4γ)

T

T

T

υ c g

υ c g

υ c

= ∗

= ∗

⎡ ⎤= Δ⎣ ⎦

u

u u

u u

2

 

Re (δ)Grubert & Baker : 
12

T
T

hυ
⎡ ⎤

= ⎢ ⎥
⎢ ⎥⎣ ⎦

uu
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( , )   ( , ),   p r⇒ Ω ∂ΩWeak form solution process, u w bounded by

(
2

            D :  = 0                                
             D : (  = + ( ) + ((2υ+υ ) ( ))

δ                                               + ( ) - = 0   0,
2γ

 

m
t T

T

M 
 r

A on T

∇•
•∇ ∇ −∇•

⎡ ⎤∇• ∇ ∇ ×Ω⎤⎦⎣ ⎦

w
P w) w w w w

w w   f  

L D

( )
0

0 0
2

0

 weak form : WF  ( ,  d d 0

                              =  ( ) - (terms)  d d + (terms  d d

δ+ (2υ+υ ) ( ) - ( )
2γ

T m

T Tm

T
T

r t

t  t

                                       A

Ω

Ω Ω

∂Ω

≡ ≡∫∫

• ∇• ∇ •∫ ∫∫ ∫

⎡ ⎤
∇ ∇∫ ⎢ ⎥

⎣ ⎦

v w ) x

v x v ) x

v w w w

L

L

D

1

ˆ d d

                               with ( , ) = 0,  , ( )
BCs on  : slip with linear friction

ˆ                          =0
ˆ                         ( )  + ( ( ), υ ) 0

T

T

t

q H

l g A, 

•∫

∇• ∀ ∈ Ω
∂Ω

•
= •∇ =

n s 

w v w
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Weak form solution, auxiliary problem, rational LES model 

Direct implementation of the convolution, rational LES model 

δ

δ

convolution : ( )  ( )
                                              = ( - )( )( )d

    comment : theory enforcement via auxilliary PDE is much more efficient

T TA g
g

Ω

∇ ∇ = ∗ ∇ ∇
•∫

w w w w
y x x x

( )

( ) ( ) ( )

2
2

1 1

2

- δ     auxiliary : +  =  in 
4γ
ˆ                         0             on  

  weak form : find ( ), for all ( ) such that
δ                          +  = ,
4γ

li

T

T h

H H

∇ ∇ ∇ Ω

• ∇ ≡ ∂Ω

∈ Ω ∈ Ω

∇ •∇ ∇ ∇

X X w w

n X

X Y

X Y XY w w Y

 

nearization : evaluate  at previous timestation or iterationw
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LES weak solutions, existence and uniqueness, discrete implementation 

 rigorous mathematical analyses are exceedingly difficult
               non-linearity, domain boundedness
               monotonocity issues, NS dispersive instability 
 Smagorinsky :  uniqueness proved for weak solution for "small data"
                                      due to model stabilizing numerical diffusion
    Taylor LES : Smagorinsky term dominates Taylor LES term
                        2 4

4
            contradicts formal ordering, δ versus δ  

 rational LES : existence and uniqueness confirmed for υ = 0,  = (δ )
                          numerical tests refute this for nominal Re
       

T T O
 

1 1

disc
1 0 2 1 2 1

                         unstable to small perturbations
 discrete form : ( , ) ( )  ( , ) ( )
                          TP bases : / , / , / ,....              
                  

h h hr H r H
Q Q Q P Q Q

∈ Ω ⇒ ⊂ ∈ Ωw w V

1 0 2 1            natural : / , / ,....
                           use of upwind stabilization, Vanka smoothers

P P  P P
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Asymptotic error estimates for the discrete weak form solutions 
3 3

0

 Smagorinsky : natural regularity requires  (0, ; ( )) 
                           Re-independence requires addition of (δ) > 0
                           splitting error  ( - ) - ( - ),h

L T L
a

∇ ∈ Ω

≡

w 

e  w w w w� �

( )

( )

2 3
2

2 3 3(0, ; ( )) (0, ; ( ))
2

-1
0 2 2(0, ; ( ))

 then 

                             -  + δ ( - )

                                       + Re  + (δ) ( - ) +...

                                      

h h h

L T L L T L

h

L T L

T

ca

∞ Ω Ω

Ω

≡e w w w w

w w

D

D

( )

2

2( )
2 3

2
s2 3 3(0, ; ( )) (0, ; ( ))

-1

  inf  ( - , - ,δ) + ( - )( ,0)

       Taylor LES:   - + c δ ( - )

                                                                           + Re ( -

hh
L

h h h

L T L L T L

C r q C 

T

Ω

∞ Ω Ω

≤

≡ ∇

∇

w w w w x

e w w w w

w

�F

2

2 2(0, ; ( ))
2

s 2( )

)

                                           inf  ( - , - ,Re,δ,c , )+ ( ,0) ( ,0)

h

L T L

hh
L

C r q T C

Ω

Ω
≤ −

w

w w w x w x�F
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Asymptotic error estimates for the discrete weak form solutions 

Verification, Chorin’s vortex decay problem (Chorin, 1968)
2 2

1
2 2

2
2 2

-1

 = -cos( π ) sin( π ) exp(-2 π τ)
= sin( π ) cos( π ) exp(-2 π τ)

  = -(1/4) (cos(2 π ) + cos(2 π )) exp(-4 π τ)
solution :  for decay time τ = υ ,  this is a solution to NS PDE system
     

w n x n y n t/
w n x n y n t/
r n x n y n t/

0

           decay of array of oppositely signed vortices
IC, BCs : NS , ,  Dirichlet BCs chosen such that ( , ) is NS solution
     data :  τ = 1000,  = 8   , = 0.05
                 = 4     ,  δ = 0

s

r
T c

n

f w w

( )

art

2

.1, υ  = 0.
    time :  = 0.001, θ fractional step

domain:  = 0,1 ,  uniform, /2 /128h

t

h h

Δ

Ω Ω ⇔

          error :  - (data, , ...) in appropriate norms

 key results :  bound independent of Re for fixed δ and  

                     for fixed δ, -convergence predicted as (

h ph h
p

h

p

f C L

h

h f

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎝ ⎠

< Ωw w V

e

)                                      
                            bounded by interpolation, time truncation errors

p
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Ω ∪ ∂ΩVerification, duct flow LES solution energy bounded on 

T

1 5

1channel flow : ( )  d =2.667 
2

                       ( ) ,  for 0,

data for D  + D  :  = (1,1,10)
-                                 υ  10 , Re = 66,667

                              

h

E

E t T

M

Ω
≡ ∫

< ∞ ∈⎡ ⎤⎣ ⎦
Ω

=

u u u x 

w

P

                                               

    =  0.01s ,  = 20
                                   δ = 0.5

ˆ                      BCs : = 4y(1- )  (0, , )
ˆ = 0  ( , , = 0.5), (10, ,

t T

y on y z
on x y z y z

Δ

•
•∇ ±

w i 
w n

noise noise

                    

)
                                     = 0  ( = 0.5, )

ˆ-4πsin(4π )
ˆ ˆ                        IC : (0, ) = ( + c -3πsin(3π ) , c 0.01

ˆ3πcos(3π )

 
on x,y z

y

z

x

±
⎧ ⎫
⎪ ⎪⎪ ⎪• =⎨ ⎬
⎪ ⎪
⎪ ⎪⎩ ⎭

w 
i

w x w i)i j

k

                             
disc disc

2 1 2 1 3 2 2 1

(0, ) = -8( -10)/Re
           FE spaces : / , / , / , /
 discretization :  ( 80 cubes at =0.5  480 cubes at =0.25)
                              

h

r x  x
Q Q Q P Q P P P
Q h hΩ ⇒
  (each cube bisected into 6 tetrahedra)P
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Duct flow verification, Taylor LES with Smagorinsky subgrid model  

conclusion :failure due to poor F(gδ) approximation 
                     not influenced by boundary conditions 

Duct, rational LES with Smagorinsky subgrid model, cs= 0.01, Q2/P1
d 

cs= 1/3, f θ, Q2/P1
dcs= 0.01, θCNcs= 0.01, fractional θ 
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Duct, rational LES with Iliescu-Layton subgrid model, Q2/P1
disc , fractional θ 

2
s F

3
s 2

s

s

  Smagorinsky : υ c δ ( )

Iliescu-Layton : υ c δ ( )
Taylor LES + Smagorinsky, for standard c   divergent solution
rational LES + Smagorinsky or I-L  bounded solution for sufficient c
rational LE

T

T

=

= Δ
⇒

⇒

u

u

D

nd
S + no subgrid term  divergent solution

              for various FE spaces and 2 order θ-schemes
⇒

Conclusions, weak solution boundedness, duct flow, Re ≈ 105 

cs=0.17 cs=0.17 cs=0 
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Model h = 1/16 h = 1/32 h = 1/64 

Taylor LES 

rational LES + aux 

rational LES + conv 

1.19E-03 

1.29E-03 

1.60E-03 

1.67E-04 

0.97E-04 

1.24E-04 

1.47E-05 

0.17E-05 

1.06E-05 

 

Benchmark, driven cavity LES solution

disc
LES NSE 2 1

LES should replicate NS solution for small enough Re
 ( ), Re 400, /h hE Q P− =w w

Iliescu, John, Layton, et al (2003) 

2

-1

domain : Ω = (0,1)
     BCs : no slip for NS
     data : lid velocity 
               υ = Re

U

LES solution must be bounded in total energy
            Taylor LES solutions, Re = 10,000 
             IC = Galerkin FEM  
             h = 1/64, δ = √2/64 

Ulid
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Driven cavity benchmark (IJL+03)

Comments 

h/16 mesh is coarse! 
        representative of LES model meshes 
        cannot resolve small structures 
rational LES + Smagorinsky υT 
        bounded energy 
        can only resolve main eddy 
        “good” agreement with NS on h/64 
rational LES without Smagorinsky υT  
        blows up 

2
s F

Re  10,000,  =1000
=1/16, δ = 2 /16

υ  c δ ( )
UL : rational LES+ aux
UR : rational LES + conv
LL : Smagorinsky ( =0)
LR : Galerkin DNS, = 1/64

T

t
h 

A
h 

=

= uD
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Validation exercise, mixing layer on d=2
2

0
0 noise

          domain :  = (-1,1)
ˆ               BCs : ( ) 0,  = -1,1

                         periodic,  = -1,1
tanh(2 / ) ψ /

                  IC :  c
ψ /          0

    

 y
x

W y y
W

x
σ∞

∞

Ω
•∇ • =

∂ ∂⎧ ⎫ ⎧ ⎫
= +⎨ ⎬ ⎨ ⎬−∂ ∂⎩ ⎭⎩ ⎭

n

w

2
0

0

noise 0

                     ψ = exp(-(2 / ) )(cos(8π ) cos(20π ))
                data :  = 4 vortices expected, hence 1/14
                         1, c 0.001, Re  / 10,000
time algorithm : f

y x x

W W

σ
η σ

σ υ∞ ∞

+
=

= = = =
-1

0

disc
2 1 0 8

ractional θ,   / ,  0.1  (140) s
                                             = 200 14.285s
 weak solution : /  on 8 multi-grid levels, 1/1, 1/256
               filter :  δ = ,

t W t t
T t

Q P h h
h  

σ ∞≡ Δ = =

= =
∼

2
s F

2
-1

s
2

=ρ( )
       algorithm : rational LES
   SGS models : υ  c δ ( )

δ                         υ  c δ ( ) )
4γ

e

T

T

h

I

Ω

=

= − Δ

u

u - u

D

x

-1

σ0
1

y
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Galerkin FEM (DNS) on level 8 Filtered Galerkin DNS, δ = √2/32
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Smagorinsky model, cs = 0.01 rational LES + aux, Smagorinsky SGS 
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normalized vorticity span, cs = 0.01
Smagorinsky SGS, h/32 tot 2

E , w  evolution,

Smagorinsky SGS, /32

h

h



CLES.36 Computational Issues in Large Eddy Simulation
  

 
 

 
 
   
 
 
 
    
   
     
 

 

Rational LES + auxiliary problem, Iliescu-Layton SGS closure, cs = 0.5, 0.17 
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Rational LES with aux validation, d =2 mixing layer, h/32, δ = √2/32
 Galerkin DNS Smagorinsky SGS, cs=0.01 Iliescu-Layton SGS, cs=0.17 

 SGS closure                  cs          vortex pairing                      steady solution comparison 
  Smagorinsky             0.01         very delayed                              quantitative  
                                    0.005        less delayed                               qualitative but “trashy”
                                                     auxiliary problem preferable  
                                                          to convolution 
 Iliescu-Layton             0.5           too fast                                       quantitative 

0.17 a little slow                                qualitative but “trashy”
0.18 auxiliary problem preferable    

                                                            to convolution                                  


