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Farfield, subsonic-transonic potential flow, ϕ= ∇ ⋅u    
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Nearfield, boundary layers wash aerosurfaces

DM: 

DE: 2/ρ)( δ φ∇⋅φ∇−= ∞pp x

viscous, turbulent effects dominate
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in the region yb (x) ≤ y (x) ≤ δ (x) 

δ (x) ≡ boundary layer thickness 
     T = stress tensor (viscous + turbulent effects) 
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PNS.1  Steady Aerodynamic Flows
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DPy: 

DM: 

pressure through BL is constant 
          ⇒ P(x) from potential farfield DM

DPx : ∂2u/∂x2 is O(δ2), hence negligible, Re = O(δ-2) >>1 
           ⇒ parabolic PDE on x ≥ x0,   0 ≤  y ≤ δ(x) 

∂v/∂y = - ∂u/∂x, hence initial value on 0  <  y ≤ δ(x) 

Laminar - thermal subsonic BL non-D conservation form 
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BCs: 

UI, PI (x) 

x

Reynolds ordering of steady INS ⇒ n = 2, subsonic BL 

PNS.2  Parabolic Navier-Stokes, Boundary Layer Form



 
 
 
   
 

{U(nΔx)} profiles for Re GWSh optimality Thermal BLs 

Solution mesh adaptation GWSh convergence GWSh verification

PNS.3  GWSh, FVSh + θTS for BL, Solution Nuances
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BL form of NS valid only for Re >> 1 
 
      
       
  
  
 
         

  
 
 

 
 
    

aircraft Mach U∞ (m/s) L (m) Re Re/L 
commuter 0.3 125 10 3E07 O(E06) 
wide body 0.9 250 40 2E08 O(E06) 

BL flows will be turbulent (!)

resolution of BL velocity components
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laboratory data

PNS.4 PNS Boundary Layer Flow, Turbulence
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T i m e  a v e r a g i n g  o f  B L  D M  a n d  D P  
  
      
       
  
  
 
         
  
 
 

 
    
 
 
 
 
 
  

DM : both terms linear, hence u'u ⋅∇==⋅∇ 0  

DPx: non-linear convection term generates a new contribution
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PNS.5 Turbulent Boundary Layer, Reynolds Stress
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2' ' υ , υ turbulent "eddy" viscosity, units (μ ρ υ) (L / ) t tuv u t
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where: m  ≡ mixing length 
ω, f = near wall, freestream damping 

Turbulent kinetic energy-dissipation model 
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 and: L(k) and L(ε) BL forms augment BL DM & DPx 

Reynolds kinematic shear stress modeled after Stokes

PNS.6 Boundary Layer Flow, Turbulence Modeling



 
 
 
   

 
  
    
   
 
  
  
 

 

 
  

Turbulent BL conservation law form, time-averaged q(x,y), MLT
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PNS.7 GWSh + θTS, Turbulent BL, MLT Closure



 
 

 

 
Accuracy,  convergence,  regular  non-uniform Ωh  refinement  
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PNS.8  GWSh + θTS Performance, Turbulent BL, MLT Closure
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Turbulent kinetic energy-isotropic dissipation closure model   
 

eddy viscosity: 
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TKE model adds non-linear parabolic PDE + BCs + IC pair

BCs: 
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PNS.9  Turbulent Boundary Layer, TKE Closure



 
 

 TKE closure model requires near-wall corrections   
 

low Ret closure model constant modifications (Lam-Bremhorst)
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BL similarity TKE variable distributions as f (y)
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PNS.10  TKE for Turbulent BL, Near-Wall Corrections
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PNS.10A Turbulent Boundary Layer Similarity

Turbulent BL similarity



 
 

 

 
Template pseudo-code modifications ({FV} e  unchanged)   
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PNS.11  GWSh + θTS Template, BL, TKE + Low Ret



 
 

 

 
Size,  deeply embedded non-linearity precludes Newton   
 
 
 
 
  

quasi-Newton 
 jacobians: 
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,
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0JVV,JVU,
JUT,JUV,JUU

solution sequence: {δU, δV, δT}p+1 unchanged from laminar, MLT
 update {U, V, T} p+1 
{δK, δE, δTxy}p+1 uses {U, V, T} p+1 
 update {K, E, T} p+1 
 index p, return to {δU, δV, δT} p+1   

oscillating convergence: use {RETN} in {FU, FT}p 
use {UN, VN} in {FK, FE, FTxy}p

[JAC]e for {FU, FV, FT} are unchanged 
[JAC]e for {FK, FE, FTxy} fully utilizes chain rule

templates: 

PNS.12 GWSh + θTS TKE BL, Quasi-Newton Jacobian



 
 

 

 
Jacobian coupling for convection terms is unchanged   
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assuming Prt ≈ Pr, hence RePr ≈ RePrt = Pe 
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PNS.12A GWSh + θTS TKE Closure Jacobian Coupling



 
 

 

 
Continuing with jacobians   
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PNS.12B GWSh + θTS TKE Closure Jacobian Coupling



 
 

 

 
V a l id a t io n ,  B r a d s h a w  I  2 4 0 0  e x p e r im e n t ,  R e /L≈ 1 0 5   
 
  
 
 
 
 
 
 
 
 
 
 
 
  

MLT, TKE closure solutions BL integral norm evolutions

PNS.13 GWSh + θTS TKE BL, Validation



 
 

 

 
Reynolds-ordered PNS PDE+BCs for merging BLs   
 
  

 
 
 
 
 
 
 
 
 

 
 

Problem statement geometry BL ⇒ PNS theory modifications

DM BCs not valid for ODE on {V(y)} 
     ⇒∇⋅u = 0 is now a differential constraint
DPx remains as developed 
DPy still O(δ), but must be included for BCs
DK, DE remain as developed 
∇⋅DP yields pressure Poisson equation 
    ⇒ complementary + particular solutions 

BL distributions merging at TE

modelalgebraicstressReynoldsrequires
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PNS.14  Merging Turbulent Boundary Layers



 
 

 

 
A l g e b r a i c  R e y n o l d s  s t r e s s  m o d e l  f o r  u n i - d i r e c t i o n a l  f l o w s
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fo r n  =  2  B L :

C 01 ≈  2 .8 , C 02 ≈  0 .45

PNS.15 Merging Turbulent Boundary Layers, Reynolds Stress Model



 
 

 

 
 
GWS h+θTS BL comparison to  data,  0 .90 ≤  x /c  ≤  0 .998   
 
  
  
 
 
 
 
 
 
GWS h+θTS PNS wake comparison to  data,  1 .00 ≤  x /c  ≤  1 .099  
 
 
   
 
  

PNS.16  Validation, Merging Turbulent Boundary Layers



 
 

 

 
A l g e b r a i c  R e y n o l d s  s t r e s s  m o d e l  f o r  u n i - d i r e c t i o n a l  f l o w
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f o r  n  =  3  P N S :  

PNS.17  Unidirectional 3-D Turbulent Flows



 
 

 

 
3D PNS algorithm based on PPNS formulation   
 
  
 
 

 
 

 
 
 
 
 
 
 
 
  
  
 
 
 
 
  

3D square duct flow, BCs

2 D : ρ 0 ( ) ρ 0 BCs
D : ( ) 0 ( ) ρ (ρ, ) 0 BCs
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3D PNS GWSh + θTS solution validation 
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PNS.18  3D Turbulent Duct Flow, Validation



 
 
 
   

A e r o d y n a m i c  f l o w s  ⇔  w e a k  i n t e r a c t i o n  
 
     
         
  
  
 
         
 
 
 

 
      
  
 
 
     
  

Validation exercises for M LT closure 

streamline shapes 
     flowfield is uni-directional 
     pressure impressed from farfield 
large Reynolds number, Re/L > 106 

     viscous-turbulent effects strictly local 
     admits parabolizing steady NS equations 

krkqxhxne xeE

h ⇒−=Δ+≤Δ )1,min(γ,CdataC)( 2

1H0
32

2L
γ2

Asymptotic convergence theory confirmed 

 wall region meshing requirements are substantial  
  algebraic non-linear Reynolds stress model  
  transverse plane effects due to higher order phenomena 

Validation exercises for TKE+low Ret closure model 

PNS.19  Summary, Steady Turbulent Parabolic Navier-Stokes


